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The strong chromatic index of a graph is the minimum number of colours needed to colour the edges in such a way
that each colour class is an induced matching. In this paper, we present bounds for the strong chromatic index of three
different products of graphs in terms of the strong chromatic index of each factor. For the Cartesian product of paths,
cycles or complete graphs, we derive sharper results. In particular, strong chromatic indices of d-dimensional grids
and of some toroidal grids are given along with approximate results on the strong chromatic index of generalized
hypercubes.

Keywords: Strong edge colouring; induced matching; Cartesian product; Kronecker product; strong product.

1 Introduction

Let G = (V, E) be a simple graph with vertex set V and edge set E. An edge between vertex z: and vertex
y will be denoted by zy.

A proper edge-colouring is a mapping ¢ : E(G) — N satisfying c¢(zy) # c¢(yz),Vzy,yz € E. For any
vertex x € V, let S.(x) denote the set of the colours of all edges incident to 2. A proper edge-colouring
c is said to be strong if no two edges of the same colour lie on a path of length 3; that is, for any edge
xy of G, Sc(z) N Sc(y) = {c(zy)}. Equivalently, a strong colouring also corresponds to a partition of
the edges into induced matchings. The strong chromatic index of G, denoted by x/,(G), is the minimum
number of colours of any strong colouring of G. A strong colouring of a graph G corresponds to a vertex
colouring of L(G)?2, the square of the line-graph of G; where the square of a graph is obtained by adding
edges between vertices at distance 2 in the graph. A colouring of the square of a graph is also referred to
as a distance-2 or L(1, 1) colouring in some works.

These problems of strong edge-colouring and distance colouring have interesting applications, specifi-
cally for channel assignment in mobile multi-hop radio networks [10] and in cellular networks [4].

The problem of determining the strong chromatic index of a graph is proved to be NP-complete, even
for bipartite graphs of girth at least g, for any fixed g [6]. In 1985, Erd6s and Nesetfil conjectured (see [2]])
that the strong chromatic index of every graph of maximum degree A is at most %Az. Later, Faudree et al.
conjectured in [2] that x’,(G) < A? for bipartite graphs GG of maximum degree A. In [7], a probabilistic
argument is used to show that x,(G) < 1.998A(G)?. Other approximation results exist, for instance for
cubic graphs [1]], multigraphs [3] and Cy-free graphs [S]]. Exact values for specific graphs are presented
in [2, 18 9]
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In this paper, we study the strong chromatic index of graphs obtained by Cartesian, Kronecker and
strong products (definitions are given below). In Section 2, we derive upper bounds for each of them
in terms of the strong chromatic index of the two factors along with two lower bounds for the Cartesian
product. In Section 3, we turn our attention on the Cartesian product to present improved bounds for
products of paths, cycles or cliques. In particular, these results allow to find the exact value of the strong
chromatic index for d-dimensional grids and some d-dimensional toroidal grids and approximate results
for other toroidal grids and generalized hypercubes.

The following notation will be used throughout this paper. For a graph G, denote by n( its order, by
A(G) its maximum degree and by x(G) its chromatic number.

The Cartesian product GOH of two graphs G and H has vertex set V(G) x V(H) and edge set
{(a,x)(b,y) :ab € E(G) andx = yorzy € E(H) and a = b}.

The Kronecker (sometimes called direct or categorical) product G x H has vertex set V(G) x V(H)
and edge set {(a,z)(b,y) : ab € E(G) and zy € E(H)}.

The strong product G X H has vertex set V(G) x V(H) and edge set E(GOH) U E(G x H).

2 General bounds
2.1 Cartesian product

Theorem 1 For any graph G and for any graph H that contains two adjacent vertices of maximum
degree, we have

X.(GOH) > 2A(GOH).

Proof: Let ab be an edge of GG, with a being a vertex of maximum degree and let xy be an edge of H,
with both = and y being a vertex of maximum degree. Denote by S the set of all edges incident to (a, x)
or (a,y) plus the edge (b, ) (b, y). Then all edges of S must be coloured by distinct colours in any strong
colouring. A simple count gives |S| = 2A(G) + 2A(H) = 2A(GOH). O

Theorem 2 Let G and H be two graphs. For the Cartesian product, we have
Xs(GOH) < X,(G)x(H) + X, (H)x(G).

Proof: Let G' = GOH and let k¢ = X.(G) and kg = x,(H). Denote by c¢ a strong colouring
of G with colours from 0,1,...kc — 1 and denote by cy a strong colouring of H with colours from
0,1,...ky — 1. Let v be a proper vertex colouring of G using the x(G) colours 0, 1, ... x(G) — 1 and
let vy be a proper vertex colouring of H using the x(H) colours 0,1,...x(H) — 1.

A colouring ¢ of G’ is defined as follows:

For any edge ab of G, for any vertex = of H, set

((a,2)(b,z)) = cg(ab) + kgvu (),
for any edge xy of H, for any vertex a of G, set

d((a,7)(a,y)) = culxy) + knva(a) + kax(H).
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As ¢ and ¢y are proper colourings and ¢((a,z)(b, z)) < kagx(H), then ¢’ is a proper colouring
too. So it remains to show that ¢’ is strong. For any vertex a of G and for any vertex x of H, let
I(a,z) = {s+ kgvu(z) : s € Se,(a)} and let J(a,x) = {s + kpyvg(a) + kax(H) : s € S, (z)}.

First, consider two vertices (a, z) and (b, z) of G, with ab € E(G). By the definition of the colouring
¢/, we have So((a,z)) = I(a,z) U J(a,z), and So ((b,x)) = I(b,x) U J(b,x). Since c¢ is strong,
we have that S, (a) NS¢, (b) = {cg(ab)}. Thus I(a,z) N I(b,x) = {cg(ab) + kgvu(z)}. Since vg
is a proper colouring, we have vg(a) # vg(b). Thus J(a,z) N J(b,z) = (. Therefore Sy ((a,z)) N
S ((b,2)) = {cc(ab) + kaun(a)} = 1 ((a,2)(b,2)}.

Next, consider two vertices (a, z) and (a,y) of G', with xy € E(H). By a similar argument, as vy is
a proper colouring and cy is a strong colouring, we have S. ((a,2)) NS¢ ((a,y)) = {((a,z)(a,y))}.

Hence we have proved that ¢’ is a strong colouring of G’ = GOH with x,(G)x(H) + x4,(H)x(G)
colours. a

To see how tight the above theorem is, we present the following lower bound in relation with the
fractional chromatic number. The fractional chromatic number of a graph G is x¢(G) = min% for
which G has a p-tuple k-colouring, that is an assignment of p positive integers from a set of k integers
(colours) to each vertex of G such that adjacent vertices receive disjoint sets of colours. It is known that
w(GQ) < x7(G) < x(G) for any graph G, where w(G) is the clique number of G.

Theorem 3 Let G and H be two graphs, then
Xs(GOH) > x;(G)A(H).

Proof: Let « € V(H) be a vertex of degree d(z) = A(H) and let S* be the subgraph of H consisting of
the star of order A(H) + 1 and center z. Remember that the product GOH contains n = |V (G)| copies
Hy,...,H, of H. Denote by S¥ the copy of S* in each copy H; of H and let S = [J;~, S¥.

As each edge of a star S must be coloured with a different colour in any strong colouring of GO H,
and the colours on two adjacent stars .S and .S, must be distinct too, one can see that finding a strong
edge colouring of S is equivalent to finding a A(H)-tuple colouring of G. Assume that there exists a
A(H)-tuple k-colouring of G. Then,

X5(GOH) > x(S) > k > x;(G)A(H),
since by definition, x ¢ (G) < ﬁ. O

In view of this theorem, we can deduce that Theorem [2| gives a upper bound close to the optimal if
x7(G) is close to x(G) and x/,(H) is close to A(H). For instance, Theorem|[2] gives the exact value of the
strong chromatic index of the product of a star .S,, on n + 1 vertices by a K5. For the product K,05,,,
with Theorem 2] and Theorem 3] we obtain nm < x/,(K,0S,,) < n(m +n — 1). Also, for the Cartesian
product of a bipartite graph by itself, if x.(G) < A(G)? then ¥, (GOG) < 4A(G)? = A(GOG)?. Thus
we obtain infinite families of bipartite graphs verifying the conjecture of Faudree et al..

Nevertheless, Theorem [2]is not optimal for many product graphs. For instance, for the product of two
paths P, and P, where m,n > 3, with Theorem and Theorem [2| we obtain 8 < x.(P,,0P,) < 12.
In Corollary E] of Section we will determine the exact value of X/, (P, 0P, ), showing that the lower
bound is tight in general.
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2.2 Kronecker product
Theorem 4 Let G and H be two graphs different from K. For the Kronecker product G x H we have

Xs(G x H) < x,(G)x,(H).
Proof: Let G’ = G x H and let k¢ = x,(G) and ky = x,(H). Denote by cg a strong colouring
of G with colours from 0,1,...kc — 1 and denote by cy a strong colouring of H with colours from
0,1,... kg — 1.
A colouring ¢’ of G’ is defined as follows: for any edge ab of G, for any edge xy of H, set

((a,2)(b,y)) = cc(ab) + kgen (zy).

This colouring is clearly proper because ¢ and ¢y are both proper and for any edge e of G, cg(e) <
kg. We have Sy ((a,x)) = {a+ kafB : a € Sc(a),B € Sepy (2)} and So((b,y)) = {a+ kafB : a €
See (b),8 € Se,, (y)}. Since ¢ and ¢y are strong, we have S, (a) N Se, (b) = {cg(ab)} and S,,, (z) N
Sen(y) = {en(@y)}. Hence S ((a,2)) N Su(by)) = {ealab) + koen(wy)t = {((a,2)(b,y)}.
Thus ¢ is a strong colouring of G x H. O

This result is optimal for products of stars: If G = S,,, and H = 5, then the product G x H
contains a star S, and since x’,(S,) = n, Theorem 4] gives the exact value of x’,(S,, x S,,). Moreover,
for the Kronecker product of a bipartite graph by itself, if x.(G) < A(G)? then this theorem gives
X4(G x G) < A(G)* = A(G x G)?. Thus we again obtain infinite families of bipartite graphs verifying
the conjecture of Faudree et al.

2.3 Strong product

As the edge set of the strong product G X H is the union of the edge set of GOH and of G x H, we
shall construct a strong colouring of G X H by colouring the edges of the Cartesian product GOH using
Theorem 2]and the edges of the Kronecker product G x H by a modified version of the colouring defined
in proof of Theorem [d] The two next lemmas will ensure us that each of these two colourings remain
strong in the final graph G X H.

Lemma 1 Forany graphs G and H, there exist a strong colouring ¢ of GOH in x',(G)x(H)+x%(H)x(G)
colours that verifies the following additional property: for any edge ab of G and for any edge xy of H,

Se((a,2)) N Se((b,y)) = 0.

Proof: The colouring ¢ of GOH is the same as the colouring ¢’ defined in the proof of Theorem
Keeping the same notation as for the proof of Theorem 2] let us see that for any edge ab of G and any
edge zy of H, the equality S.((a,z)) N S:((b,y)) = 0 holds; i-e. that any edge (a, x)(a’, ') incident to
vertex (a, x) has a colour different from the colour of any edge (b,y)(b’,y’) incident to vertex (b, y). We
have four cases to consider:

l. ad’ € E(G)and z = 2/, b/ € E(H) andy = ¢'. Then ¢((a,z)(d’,2")) = cg(aad’) + kgup (z)
and ¢/ ((b,y)(V/,y")) = cq(bb') + kgvm (y). Since vy is proper and zy € E(H), vy (z) # vy (y)
and thus ¢/ ((a, z)(a’,2")) # ¢ ((b,y) (¥, y')).
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2. z¢' € E(G)anda =d',yy’ € E(H)and b =V Then ¢'((a,z)(a’,2")) = cy(xz’) + kyvg(a) +
kex(H)and ¢ ((b,y)(V,y")) = cu(yy')+knve(b)+kax(H). Smce v isproperand ab € E(G),
va(a) # ve(b) and thus ¢((a, z)(a’, ) # ' ((0,y) (', ).

3. ad € E(G)andz =2/, yy’ € E(H)and b =V'. Then ¢'((a,z)(a’,2’)) = cg(aad’) + kqgug (x) #
e (yy') + kuve(b) + kax(H) = ¢ (b, y)(V,y)).

4. zo' € E(G)anda =d/,bb' € E(H) andy = y'. Then ¢/ ((a,z)(d’,2")) = cy(za’) + kgva(a) +
kax(H) # cq(0V) + kgun(y) = ¢ ((b,y)(V',y")).

Therefore, in all cases, Se ((a,x)) N Se ((b,y)) = 0, which proves the lemma. O

Lemma 2 For any graphs G and H, there exist a strong colouring ¢ of G x H in 2x"(G)x%(H) colours
that verifies the following additional property: for any edge ab of G and for any edge xy of H,

Se((a, ) N Se((a,y)) = 0,

and

Se((a,2)) N Se((b, z)) = 0.

Proof: The colouring ¢ of G x H is obtained by modifying the strong colouring ¢’ given in the proof of
Theorem[d]in this way: Let k = x,(G)x,(H) and let < (resp. <) be any ordering of the vertices of G
(resp. of H). For any edge ab of G with a <¢ b and any edge xy of H with x <p y, set

c((a,2)(b,y)) = ¢'((a,2)(,y)),
and

c((b,2)(a,y)) = (b, 2)(a,y)) + k.

Keeping the same notation as for the proof of Theorem [4] let us see first that for any edge ab of G
and any edge zy of H, the equality S.((a,x)) N S.((a,y)) = 0 holds; i-e. that any edge (a, z)(a1,x’)
incident to vertex (a, x) has a colour different from the colour of any edge (a,y)(a2,y’) incident to vertex
(b,y). Let mq = cg(aar) + kgeg(zz’) and let mo = cg(aaz) + kaen (yy'). To have my = meo, one
needs cg(aar) = cg(aas) and ey (xz’) = cg(yy'), which is impossible unless a; = ay and 2’ = y and
y' = x. But in that case, we obtain ¢/((a, z)(a1,2')) = my and ¢'((a,y)(a2,y’)) = m1 + kifa <¢ a3
and © <p vy, or else ¢/((a, z)(a1,2")) = my1 + k and ¢/ ((a,y)(az,y")) = my. Therefore, in all cases,
((a,z)(a1,2")) # ¢ ((a, y)(az,y")). Hence, S¢((a,z)) N Se((a,y)) = 0.

Similarly, one can see that S.((a,x)) N S.((b,z)) = 0. m

Theorem 5 Let G and H be two graphs. For the strong product G X H we have
Xs(GRH) < x(G)x(H) + x,(H)X(G) + 2x,(G)x, (H).

Proof: Remember that the edge set of G X H is the union of the edge set of GOH and of the edge set of
G x H. Colour the edges of GOH with a colouring c; satisfying Lemmal[l|using a set C of x/,(G)x(H) +
X4 (H)x(G) colours and colour the edges of G x H with a colouring c; satisfying Lemma[2|and using a
set C’ disjoint with C of 2x/,(G)x’(H) colours. This produces an edge-colouring of G X H. Since C and
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C’ are disjoint, this colouring is proper and since ¢; verifies the additional property of Lemma [1] and ¢y
verifies the additional property of Lemma 2} this colouring is strong. g

Notice that this theorem gives the exact value of the strong chromatic index of the strong product of two
complete graphs: since K, KK, = Ko then X, (Kpn) = (") = X5 (Km) X (Kn) + X5 (Kn) X (K ) +
2Xs (Ko )X (Kn).

3 Cartesian products of paths, cycles and cliques

In this section, we define the notion of (k, t)-colourability that leads us to improved bounds for the product
of paths, cycles and complete graphs. Optimal values of the strong chromatic index are found for some
graphs.

3.1 (k,t)-colourable graphs
Definition 1 Two strong colourings c1 and co of a graph G are compatible if for any vertex = of G,
Sey () N Se, () = 0.

Definition 2 A graph G is (k,t)-colourable if there exist t strong colourings ¢;, 1 <1i <t ¢;: E(G) —
{1,2,...,k} that are pairwise compatible.

3 5 1

Fig. 1: Three compatible strong colourings of Cs in six colours showing that Cs is (6, 3)-colourable.

Notice that a (k, t)-colourable graph is also («k, at)-colourable for any integer > 1. In particular,
every graph G is (tx/(G), t)-colourable for any integer ¢ > 1.

For the path P,, on n vertices, it is known that X, (P, ) = 3 for any n > 4, thus P, is (3t,t)-colourable.
This result can be strengthened as shown in the following proposition.

Proposition 1 For any integers n > 2 and t > 1, the path P, is (4t, 2t)-colourable.

Proof: We only have to show that P, is (4, 2)-colourable, i-e. that there exist two compatible strong
colourings of P,, with 4 colours. The first strong colouring c; is defined by giving the colours 1,2, 3,4, 1,
2,3,4, ... to the edges of P,, starting from an end-vertex and going to the other end-vertex. The second

colouring c; is defined by giving the colours 3,4, 1,2, 3,4,1,2,... to the edges of P, starting from the
same end-vertex than for the first colouring. a

Proposition 2 For the cycle C,, the following holds:

e forany k > 3 and for anyn > 1, Cyy, is (kt, ngt)-colourable,
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e foranymn > 5,n # 6, C, is (5t,2t)-colourable.

Proof: First, observe that, given a strong colouring ¢ of C,,, if for any colour ¢, any two edges of colour
1 are separated by at least d — 1 edges along the shortest path (we call such a colouring d-distant), then
there exist L%J compatible strong colourings. These colourings can be obtained from the cycle C,, with
its colouring ¢ by a rotation of 247 for k = 0,1,..., %] — 1.

For the first assertion, a strong k-distant colouring is given by assigning cyclically the colours 1,2, ... k
to the edge of the cycle CY,, (see Figure[l|for an example with k = 6).

For the second assertion, observe first that C7 and C;; are (5,2)-colourable, as can be seen by the
colourings 1,2,3,4,1,3,5and 3,4,1,2,5,4,2 for C7 and 1,2,3,4,1,2,3,4,1,3,5and 3,4,1,2,3,4, 1,
2,5,4,2 for C11. Now, for the remaining cases, we have to find a 4-distant colouring using at most 5
colours. Letn = 4p + 4,0 < 7 < 3. Observe that, asn > 7 and n # 11, we have p > i. The colouring of
C,, is obtained by repeating ¢ times the pattern 1, 2, 3,4, 5 then p — ¢ times the pattern 1, 2, 3, 4 along the
cycle. ]
Proposition 3 For any integers n > 3 and t > 1, the complete graph K, is (@t, | 5 |t)-colourable.
Proof: Consider first the case of even n and let n = 2p. Ky, is decomposable into 2p — 1 perfect
matchings M;, 0 < ¢ < 2p — 2. Order the edges of each matching M; and denote by e{ the j*" edge of
matching M;, 0 < j < p — 1. Then define the p strong colourings ¢ of K, as follows: for any edge e of
K,,forany k,0 < k <p—1,set

ce(e]) = (i+ (j + k)(2p — 1)) mod p(2p — 1).

We treat the case of odd n in a similar way. Let n = 2p + 1. Ky, is decomposable into 2p + 1
matchings M;, 0 < i < 2p, each containing p edges €?, e} eP~1. Then set

i1Ciy 6

er(el) = (i+ (j + k)(2p + 1)) mod p(2p + 1).

Because of the choice of the modulo in the definition of the colouring (p(2p—1) for even n and p(2p+1)
for odd n), any colour is always in the same matching in all the p strong colourings. This is the reason
why the p colourings are pairwise compatible (details of this part of the proof are left to the reader). O

3.2 Cartesian products of (k,t)-colourable graphs

Theorem 6 Let G be a (kg,ta)-colourable graph and let H be a (kg ,tr)-colourable graph, with tg >
X(H) and tyg > x(G). Then GOH is (kg + ki, min(tg,tr))-colourable.

Proof: Let t' = min(t¢,ty). As G is (kg,tg)-colourable, there exist t; compatible strong colourings
¢, 1 <i<tgofG;c: E(G) —{0,1,..., kg —1}. Similarly, as H is (kp, tzr)-colourable, there exist
ty compatible strong colourings d;, 1 < ¢ < tg of H. Assume moreover that these colourings d; use
different colours than the colourings of G: d; : E(H) — {kg,ka + 1,..., kg + kg — 1}.

Let v be a proper vertex colouring of G using the x(G) colours 0,1,...x(G) — 1 and let vy be a
proper vertex colouring of H using the x(H ) colours 0,1,...x(H) —1.

We define the ' colourings ¢, 0 < i <t — 1 of G’ as follows:
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For any edge ab of G, for any vertex x of H, let m(z) = (vgy(x) + ¢) mod t¢ and set
c;((a7 :L‘)(b, ‘T)) = Cm(x) (ab)7

for any edge 2y of H, for any vertex a of G, let p(a) = (vg(a) + i) mod tg and set

Cg((av x)(a7 y)) = Qp(a) (xy)

Notice that each colouring ¢} uses at most kg + kg colours.

Let us show that each ¢} is a strong colouring of G”:

First, consider two adjacent vertices (a, z) and (b, z) of G'. Then S/ ((a, z))NS. ((b, z)) = (Sc,, ., (@)U
Sy () N (Se, 0y (b) U Sa,,, (7). Since ve is proper and tg > x(H ), we have that p(a) # p(b) and
since dy,(4) and d,(y) are compatible then we obtain Sg, ., () N Sq,,, (¥) = 0. Moreover, as ¢, (y) is
strong, then we have S, (a)N S, (b) = {cm(x)(ab)}. Consequently, S/ ((a,x)) NS ((b,x)) =
{cm(z)(ab)} = {c((a,z)(b,x))}.

Next, for two adjacent vertices (a, z) and (a,y) of G’, a similar argument gives S/ ((a, 7))NS, ((a,y)) =
{dpa)(zy)} = {ci((a,2)(a,y))}.

Now let us show that for any i1,i2,0 < 41,10 < ' — 1,41 # io, c;, and 0;2 are compatible: Let (a, x)
be a vertex of G'. We have

S ((a,z)) = S, (a)USq, (v), withm; = (vg(z)+i1) mod tg and p1 = (vg(a) +1i1) mod tw,
and

S% ((a,2)) = S,,, (@) USa,, (x), withmg = (vg(z) +1i2) mod tg and p2 = (vg(a) +iz) mod ty.

We have m; # mg and p; # pa, therefore S, (a) N S, (a) = 0 and Sy, (z) N Sa,, (z) = 0.
Moreover, since for any ¢ and k, the colourings ¢; and dj do not use the same sets of colours, we conclude

Cm(x)

that S, ((a,z)) NSy ((a,z)) = 0. O
“ 12
H
4 5 6 7 4 5
e e e e e e o

6 7 4 5 6 7

4 5 6 7 4 5 6 7 4 5 6 7
0oj2 0 2 0 2 0 2 o 2 0 2 0 2 0 2

6 7 4 5 6 7 4 5 6 7 4 5
13 1 3 1 3 1 3 1| 3 1 3 1 3 1 3

G 4 5 6 7 4 5 6 7 4 5 6 7

200 2 0 2 0 2 0 20 2 0 2 0 2 0

6 7 4 5 6 7 4 5 6 7 4 5
30103 1 3 1 3 1 301 3 1 3 1 3 1

4 5 6 7 4 5 6 7 4 5 6 7

Fig. 2: Two compatible optimal strong colourings of P50 P in 8 colours.

An example of two compatible strong colourings of P;0P; as defined in the above proof is given in
Figure [2| (the two compatible strong colourings of P5 and of P; appear on each graph but the vertex
colourings are not given).

Corollary 1 Let G be a (kg,tc)-colourable graph and let H be a (kp,t)-colourable graph. Then
GOH is (ke [X + by [X9, min(x(G), x(H)))-colourable.

ty
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Proof: By definition, G is (kg [X(H) 1, x(H))-colourable and H is (kg [M] , X(@))-colourable. Theo-

. ta ty
rem|6|then gives the result. a

Corollary 2 Let G be a (k,2)-colourable graph. Then GOK5 is (k + x(G), 2)-colourable.

3.3 Products of paths, cycles and cliques

The d-dimensional grid My, i,.... 1, is the Cartesian product of d paths: My, 4, . ;, = P, 0P,0...0F,,.

When all lengths are equal: I} = Iy = ... = g = n, we denote the grid by M?.
The d-dimensional toroidal grid T M, .. ;, is the Cartesian product of d cycles: TM;,, . ;, = C;,0...0C),.
When all cycle lengths are equal: I; = I = ... = [ = n, we denote the toroidal grid by T'M2.

The d-dimensional generalized hypercube (also known as Hamming graph) K¢ is the Cartesian product
of K,, by itself d times: K¢ = K,,0K,,0...0K,,. The hypercube H, is the graph K§.

By Proposition |1| and Proposition [2| P,, and Cly,, are (4,2)-colourable and Cs,, is (5, 2)-colourable for
n # 3. By Proposition[3} Ky, is (2p(2p—1), 2p)-colourable and K1 is (3p(2p+1), 2p+1)-colourable.
Therefore, Theorem [6]and Corollary [2] give the following results:

Corollary 3 Foranyd > 2,
e the d-dimensional hypercube Hy is (2d,2)-colourable,
e the d-dimensional grid My, ;,. .1, and toroidal grid T M, are (4d,2)-colourable,

o the d-dimensional toroidal grid T Moy, o1,.... 21, is (5d, 2)-colourable for l; # 3,

e the d-dimensional generalized hypercube K. gp is (2dp(2p — 1), 2p)-colourable,
e the d-dimensional generalized hypercube K3, | is (3dp(2p + 1),2p + 1)-colourable.

With Theorem |1} we obtain exact or approximate values for the strong chromatic index of some Carte-
sian products:

Corollary 4 Forany d > 2,

o x4 (Ha) =2d,

Xo(Miy 1y, 10) = Xs(TME,) = 4d, for l; >3,

o 4d < X,(T My, 2,,... 21,) < 5d, forl; # 3,

o 2p(d—1)(2p — 1) < X,(Kg,) < 2dp(2p — 1),

o 2p(d—1)(2p+1) < X,(KS,,,) < 3dp(2p+1).

Note that the exact value of the strong chromatic index of hypercubes was known before [2].
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