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◆♦t❡s ♦♥ ❊✐❣❡♥✲❞❡❝♦♠♣♦s✐t✐♦♥✱ P❈❆✱ ❙❱❉ ❛♥❞ ❝♦♥♥❡①✐♦♥s✳

✶ ▼❛tr✐① ♣r❡❧✐♠✐♥❛r✐❡s

❆ ♠❛tr✐① ✐s ♦♥❡ ✇❛② ♦❢ ❞❡s❝r✐❜✐♥❣ ✭♦r r❡♣r❡s❡♥t✐♥❣✮ ❛ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥
❜❡t✇❡❡♥ t✇♦ ✈❡❝t♦r s♣❛❝❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ ❣❡♥❡r❛❧ m × n ♠❛tr✐① A r❡♣r❡s❡♥ts
❛ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ ❢r♦♠ R

n t♦ R
m✳

❚❤❡ ♠❛tr✐① ❛❝ts ♦♥ ✈❡❝t♦rs x ∈ R
n t♦ ♣r♦❞✉❝❡ ✈❡❝t♦rs y ∈ R

m ❛s y = Ax✳ ■❢
✇❡ r❡♣r❡s❡♥t t❤❡ ♠❛tr✐① ❛s A = [c1, c2, . . . , cn]✱ ✇❤❡r❡ t❤❡ ci✬s ❛r❡ t❤❡ ❝♦❧✉♠♥s

♦❢ t❤❡ ♠❛tr✐① A✱ ❛♥❞ t❤❡ ✈❡❝t♦r ❛s x =




x1

x2

✳✳✳
xn


✱ t❤❡♥ ✇❡ ❤❛✈❡

y = Ax =

n∑

i=1

xici, ✭✶✮

✐✳❡✳ y ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❝♦❧✉♠♥s ♦❢ A✳

✶✳✶ ❈♦❧✉♠♥ s♣❛❝❡ ❛♥❞ ♥✉❧❧s♣❛❝❡

• ❚❤❡ ❝♦❧✉♠♥ s♣❛❝❡ ♦❢ A✱ ❞❡♥♦t❡❞ ❜② C(A) ❛♥❞ ❛❧s♦ ❝❛❧❧❡❞ r❛♥❣❡ ♦r s♣❛♥

♦❢ A✱ ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ Rm s✉❝❤ t❤❛t y ∈ C(A) ✐❢ ❛♥❞ ♦♥❧② ✐❢ y = Ax ❢♦r
s♦♠❡ x ∈ R

n✳

• ❚❤❡ ♥✉❧❧s♣❛❝❡ ♦❢A✱ ❞❡♥♦t❡❞ ❜②N(A) ❛♥❞ ❛❧s♦ ❝❛❧❧❡❞ ❦❡r♥❡❧✱ ✐s t❤❡ s✉❜s♣❛❝❡
♦❢ Rn s✉❝❤ t❤❛t x ∈ N(A) ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ax = 0✳

◆♦t❡ t❤❛t t❤❡ ❝♦❧✉♠♥ s♣❛❝❡ ♦❢ ❛ ♠❛tr✐① A ✐s ❡①❛❝t❧② t❤❡ s♣❛♥ ♦❢ ❛❧❧ ✐ts
❝♦❧✉♠♥s ✈❡❝t♦rs✳ ❚❤❡r❡❢♦r❡✱ C(A) ✐s ❥✉st t❤❡ s❡t ♦❢ ❛❧❧ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢
t❤❡ ❝♦❧✉♠♥s ♦❢ A✳

∗❆ss✐st❛♥t ♣r♦❢❡ss♦r ❛t ❯♥✐✈❡rs✐té ❞❡ ❇♦✉r❣♦❣♥❡ ✭❞r♦✲❞❡s✐r❡✳s✐❞✐❜❡❅✉✲❜♦✉r❣♦❣♥❡✳❢r✮

✶



❚❤❡ ♥✉❧❧s♣❛❝❡ ♦❢ ❛ ♠❛tr✐① A ✐s ❡①❛❝t❧② t❤❡ s❡t ♦❢ ✈❡❝t♦rs ✇❤✐❝❤ ❛r❡ ♦rt❤♦❣♦♥❛❧
t♦ ❛❧❧ ✐ts r♦✇ ✈❡❝t♦rs✳

❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐① A =




1 1 2
2 1 3
3 1 4
4 1 5


✳

❙✐♥❝❡ t❤❡ ❝♦❧✉♠♥s ♦❢ A ❛r❡ ✐♥ R
4✱ C(A) ✐s ❛ s✉❜s♣❛❝❡ ♦❢ R4✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ t❤❡ ♥✉❧❧s♣❛❝❡ N(A) ❝♦♥t❛✐♥s ❛❧❧ s♦❧✉t✐♦♥s t♦ t❤❡ ❡q✉❛t✐♦♥ Ax = 0✳ ❙♦
N(A) ✐s ❛ s✉❜s♣❛❝❡ ♦❢ R3✳

✶✳✷ ❘❛♥❦ ♦❢ ❛ ♠❛tr✐①

❚❤❡ r❛♥❦ ♦❢ ❛ ♠❛tr✐① ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ✐ts ❝♦❧✉♠♥ s♣❛❝❡✳

rank(A)
.
= dim(C(A)). ✭✷✮

❋r♦♠ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❡ s❡❡ t❤❛t t❤❡ r❛♥❦ ♦❢ A ✐s ❡q✉❛❧ t♦ t❤❡ ♠❛①✐♠✉♠
♥✉♠❜❡r ♦❢ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❝♦❧✉♠♥s ✭♦r r♦✇s✮ ✈❡❝t♦rs ♦❢ A✳

Pr♦♣❡rt✐❡s ♦❢ r❛♥❦

❋♦r ❛r❜✐tr❛r② m × n ♠❛tr✐① A ❛♥❞ n × p ♠❛tr✐① B✱ r❛♥❦ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣❡rt✐❡s✿

✶✳ 0 ≤ r❛♥❦(A) ≤ ♠✐♥{m,n}

✷✳ r❛♥❦(A) = n− ❞✐♠(N(A))

✸✳ r❛♥❦(A) = r❛♥❦(AT )

✹✳ r❛♥❦(AB) ≤ ♠✐♥(r❛♥❦(A), r❛♥❦(B))

✺✳ r❛♥❦(ATA) = r❛♥❦(AAT ) = r❛♥❦(A)

✶✳✸ ❙✐♥❣✉❧❛r ❛♥❞ ♥♦♥✲s✐♥❣✉❧❛r ♠❛tr✐❝❡s

❆ sq✉❛r❡ n× n ♠❛tr✐① A ✐s s❛✐❞ t♦ ❜❡ ♥♦♥✲s✐♥❣✉❧❛r ♦r ✐♥✈❡rt✐❜❧❡ ✐❢ t❤❡r❡ ❡①✐st ❛
♠❛tr✐① B s✉❝❤ t❤❛t

AB = BA = I, ✭✸✮

✇❤❡r❡ ■ ✐s t❤❡ n× n ✐❞❡♥t✐t② ♠❛tr✐①✳
B ✐s ❝❛❧❧❡❞ ✐♥✈❡rs❡ ♦❢ A ❛♥❞ ❞❡♥♦t❡❞ ❜② B = A−1✳

• ❋♦r ❛ n × n sq✉❛r❡ ♠❛tr✐① A t♦ ❜❡ ✐♥✈❡rt✐❜❧❡✱ A ♠✉st ❜❡ ❢✉❧❧ r❛♥❦✱ ✐✳❡✳
rank(A) = n✳

• ■❢ A−1 ❞♦❡s ♥♦t ❡①✐st✱ ✇❡ s❛② t❤❛t t❤❡ ♠❛tr✐① ✐s s✐♥❣✉❧❛r✳

❆ss✉♠✐♥❣ A ❛♥❞ B ❛r❡ ♥♦♥✲s✐♥❣✉❧❛r ♠❛tr✐❝❡s✿

• (A−1)−1 = A

• (AB)−1 = B−1A−1

• (A−1)T = (AT )−1

✷



✷ ❊✐❣❡♥✈❛❧✉❡s✴❊✐❣❡♥✈❡❝t♦rs

▲❡t A ❜❡ ❛ sq✉❛r❡ n× n ♠❛tr✐①✱ ✐✳❡✳ ❛ ❧✐♥❡❛r ♠❛♣ ❢r♦♠ R
n t♦ ✐ts❡❧❢✳

✷✳✶ ■♥t✉✐t✐✈❡ ❞❡s❝r✐♣t✐♦♥

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ❡①❛♠♣❧❡✱ ✇❡ s❡t n = 2✳

▲❡t A =

[
1 3
3 1

]
✱ ❛♥❞ ❧❡t x1 =

[
1
1

]
❛♥❞ x2 =

[
0
1

]
❜❡ t✇♦ ✈❡❝t♦rs ✐♥ R

2✳

❲❤❡♥ ❛♣♣❧②✐♥❣ t❤❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ A t♦ x1 ❛♥❞ x2 ✇❡t ❣❡t t✇♦ ♥❡✇

✈❡❝t♦rs ✐♥ R
2✱ r❡s♣❡❝t✐✈❡❧② Ax1 =

[
4
4

]
❛♥❞ Ax2 =

[
3
1

]
✳

❲❡ ❝❛♥ s❡❡ t❤❛t Ax1 ❛♥❞ x1 ❛r❡ ✧♣❛r❛❧❧❡❧✧ ✈❡❝t♦rs ✭✐✳❡✳ t❤❡② ♣♦✐♥t ✐♥ t❤❡
s❛♠❡ ❞✐r❡❝t✐♦♥✮ ✇❤❡r❡❛s Ax2 ❛♥❞ x2 ❛r❡ ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✳ ❙♦✱ t❤❡② ❛r❡
s♦♠❡ ✈❡❝t♦rs ✐♥ R

2 ✇❤✐❝❤ ❛r❡ ✐♥✈❛r✐❛♥t ✭t❛❧❦✐♥❣ ❤❡r❡ ❛❜♦✉t t❤❡✐r ❞✐r❡❝t✐♦♥✮ ✇❤❡♥
♠✉❧t✐♣❧②✐♥❣ ❜② A✳ ❚❤♦s❡ ✈❡❝t♦rs ❛r❡ ❝❛❧❧❡❞ ❡✐❣❡♥✈❡❝t♦rs✱ ❛♥❞ t❤❡ s❝❛❧✐♥❣ ❢❛❝t♦rs
✭✐♥ ♦✉r ❡①❛♠♣❧❡ Ax1 = 4x1✱ s♦ t❤❡ ❢❛❝t♦r ✐s λ = 4✮ ❛r❡ ❝❛❧❧❡❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ A✳

❚❤❡r❡❢♦r❡✱ ✐♥t✉✐t✐✈❡❧②✱ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ✈❡❝t♦rs ♦❢ R
n t❤❛t ❛r❡ ✧✐♥✈❛r✐❛♥t✧

✉♥❞❡r t❤❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ r❡♣r❡s❡♥t❡❞ ❜② A✳

✷✳✷ ❉❡✜♥✐t✐♦♥

●✐✈❡♥ ❛ sq✉❛r❡ n × n ♠❛tr✐① A✱ ✇❡ s❛② t❤❛t λ ∈ C ✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A ❛♥❞
x ∈ C ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❡❝t♦r ✐❢

Ax = λx, x 6= 0. ✭✹✮

❚❤❡ s❡t ♦❢ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛ ♠❛tr✐① A ✐s ❝❛❧❧❡❞ ✐ts s♣❡❝tr✉♠✱ ❞❡♥♦t❡❞ ❜②
σ(A)✳

❚❤❡ ▼❛t❧❛❜ ❝♦♠♠❛♥❞ [V,D] = eig(A) ♣r♦❞✉❝❡s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① D ♦❢
❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❛ ❢✉❧❧✲r❛♥❦ ♠❛tr✐① V ✇❤♦s❡ ❝♦❧✉♠♥s ❛r❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✲
✈❡❝t♦rs✱ s♦ t❤❛t AV = V D✳

Pr♦♣❡rt✐❡s ♦❢ ❡✐❣❡♥✈❛❧✉❡s

• ❚❤❡ s✉♠ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ A ✐s ❡q✉❛❧ t♦ ✐ts tr❛❝❡

tr❛❝❡(A) =

n∑

i=1

Aii =

n∑

i=1

λi.

• ❚❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ A ✐s ❡q✉❛❧ t♦ t❤❡ ♣r♦❞✉❝t ♦❢ ✐ts ❡✐❣❡♥✈❛❧✉❡s

❞❡t(A) = |A| =

n∏

i=1

λi.

• ❚❤❡ r❛♥❦ ♦❢ A ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ ❡✐❣❡♥✈❛❧✉❡s✳

✸



• ■❢ A ✐s ❛ ♥♦♥✲s✐♥❣✉❧❛r ♠❛tr✐① ✭❛❧❧ ♦❢ ✐ts ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ♥♦♥✲③❡r♦✮ t❤❡♥ 1/λi

✐s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ A−1 ✇✐t❤ ❛ss♦❝✐❛t❡❞ ❡✐❣❡♥✈❡❝t♦r xi✳

❋✐♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs

❲❡ ❝❛♥ r❡✇r✐t❡ ❊q✳ ✹ ❛s (A − λI)x = 0, x 6= 0✱ ✇❤✐❝❤ ♠❡❛♥ t❤❛t t❤❡ ♥♦♥✲③❡r♦
✈❡❝t♦r x ✐s ✐♥ t❤❡ ♥✉❧❧s♣❛❝❡ ♦❢ t❤❡ ♠❛tr✐① (A− λI)✳

❋r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ r❛♥❦✱ t❤✐s ❛❧s♦ ♠❡❛♥s t❤❛t t❤❡ ♠❛tr✐① (A − λI) ✐s
s✐♥❣✉❧❛r✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡

❞❡t(A− λI) = |A− λI| = 0. ✭✺✮

❚♦ s✉♠ ✉♣✱ ✐♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✴❡✐❣❡♥✈❡❝t♦rs ♦❢ A✱ ✇❡ ❤❛✈❡ t♦✿

✶✳ ❋✐rst ✜♥❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ✇❤✐❝❤ ❛r❡ t❤❡ r♦♦ts ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❡q✉❛t✐♦♥
det(A− λI) = 0✳

✷✳ ❖♥❝❡ ✇❡ ❦♥♦✇ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱ λ✬s✱ ✇❡ ❥✉st ❤❛✈❡ t♦ ✜♥❞ t❤❡ ♥✉❧❧s♣❛❝❡s ♦❢
t❤❡ ♠❛tr✐❝❡s (A − λI) ❛♥❞ ❛♥② ✈❡❝t♦r ✐♥ t❤❡s❡ ❧✐♥❡❛r s♣❛❝❡s ✐s ❛♥ ❡✐❣❡♥✲
✈❡❝t♦r✳

❈♦♥s✐❞❡r ❛♥ ❡①❛♠♣❧❡✱ A =

[
3 1
1 3

]
✳

❲❡ ✜rst ✜♥❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ A

det(A− λI) =

∣∣∣∣
3− λ 1
1 3− λ

∣∣∣∣ = (3− λ)2 − 1 = (λ− 4)(λ− 2)

❚❤✉s t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❡q✉❛❧ t♦

{
λ1 = 4
λ1 = 2

❲❡ ✜♥❛❧❧② ✜♥❞ t❤❡ ❡✐❣❡♥✈❡❝t♦rs

• ❋♦r λ1 = 4

A− λ1I = A− 4I =

[
−1 1
1 −1

]

❙♦ ❛ ✈❡❝t♦r ✐♥ t❤❡ ♥✉❧❧s♣❛❝❡ ♦❢ (A− 4I) ✐s x1 =

[
1
1

]

• ❋♦r λ2 = 2

A− λ2I = A− 2I =

[
1 1
1 1

]

❙♦ ❛ ✈❡❝t♦r ✐♥ t❤❡ ♥✉❧❧s♣❛❝❡ ♦❢ (A− 2I) ✐s x2 =

[
−1
1

]

❚❤❡ r❡❛❞❡r ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❛t Ax1 = λ1x1 ❛♥❞ Ax2 = λ2x2✳ ❲❡ ❝❛♥ ❛❧s♦
❝❤❡❝❦ t❤❛t λ1 + λ2 = tr❛❝❡✭❆✮ ❂ ✻ ❛♥❞ λ1λ2 = ❞❡t(A) = 8✳

✹



✷✳✸ ❉✐❛❣♦♥❛❧✐③❛t✐♦♥ ❛♥❞ ♣♦✇❡rs ♦❢ A

▲❡t A ❜❡ ❛ n× n ♠❛tr✐① ✇✐t❤ n ✐♥❞❡♣❡♥❞❡♥t ❡✐❣❡♥✈❡❝t♦rs Xi, i = 1 . . . n✳ ■❢ ✇❡
♣✉t ❛❧❧ ❡✐❣❡♥✈❡❝t♦rs ❛s ❝♦❧✉♠♥s ♦❢ ❛ ♠❛tr✐① S✱ t❤❡♥ ✇❡ ❤❛✈❡

AS = A[X1 X2 · · ·Xn]

= [AX1 AX2 · · ·AXn]

= [λ1X1 λ2X2 · · ·λnXn]

= [X1 X2 · · ·Xn]



λ1 · · · 0
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · λn




= SΛ

❙✐♥❝❡ t❤❡ ❡✐❣♥❡✈❡❝t♦rs ♦❢ A ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ t❤❡ ♠❛tr✐① S ✐s ✐♥✈❡rt✐❜❧❡✳ ❙♦✱
✇❡ ❤❛✈❡

AS = SΛ ⇒ A = SΛS−1

❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ A✳
❚❤❡ r❡❛❞❡r ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ♠❛tr✐① A ♦❢ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡ ❝❛♥ ❜❡

❞✐❛❣♦♥❛❧✐③❡❞ ❛s✿

A =

[
1 −1
1 1

] [
4 0
0 2

] [
1/2 1/2
−1/2 1/2

]

◆❖❚❊

• ❲❡ ❝❛♥ ❞✐❛❣♦♥❛❧✐③❡ A ♦♥❧② ✐❢ A ❤❛s n ✐♥❞❡♣❡♥❞❡♥t ❡✐❣❡♥✈❡❝t♦rs✳

• A ✐s ❣✉❛r❛♥t❡❡❞ t♦ ❤❛✈❡ ✐♥❞❡♣❡♥❞❡♥t ❡✐❣❡♥✈❡❝t♦rs ✐❢ A ❤❛s n ❞✐✛❡r❡♥t
❡✐❣❡♥✈❛❧✉❡s✳

• ∀ k ≥ 1, Ak = SΛkS−1

✷✳✹ ❙②♠♠❡tr✐❝ ♠❛tr✐❝❡s

❆ sq✉❛r❡ n× n ♠❛tr✐① A ✐s s❛✐❞ t♦ ❜❡ s②♠♠❡tr✐❝ ✐❢ A = AT ✳
❚✇♦ r❡♠❛r❦❛❜❧❡ ♣r♦♣❡rt✐❡s ♦❢ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ❛r❡✿

• ❆❧❧ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ A ❛r❡ r❡❛❧ ✭λi ∈ R; ∀i✮

• ❚❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ A ❢♦r♠ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ Rn✳

❙♦ ✇❡ ❝❛♥ ❞✐❛❣♦♥❛❧✐③❡ A ❛s A = SΛST ✳

✺



✸ ❙❱❉

❚❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭❙❱❉✮ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ✧❣❡♥❡r❛❧✐③❛t✐♦♥✧ ♦❢
t❤❡ ❝♦♥❝❡♣t ♦❢ ❡✐❣❡♥✈❛❧✉❡✲❡✐❣❡♥✈❡❝t♦r ♣❛✐rs t♦ ♥♦♥✲sq✉❛r❡ ♠❛tr✐❝❡s✳ ❙❱❉ ✐s ❛❧s♦
❛ ✉s❡❢✉❧ t♦♦❧ t♦ ❝❛♣t✉r❡ ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡s ♦❢ ❛ ♠❛tr✐① s✉❝❤ ❛s ✐ts r❛♥❦ ❛♥❞
♥✉❧❧s♣❛❝❡✳ ■♥ s❤♦rt✱ ❙❱❉ ✐s t❤❡ ♠♦st ✉s❡❢✉❧ ❢❛❝t♦r✐③❛t✐♦♥ ♦❢ ❛ ♠❛tr✐①✳

❚❤❡♦r❡♠

▲❡t A ∈ R
m×n ❜❡ ❛ ❣❡♥❡r❛❧ m × n ♠❛tr✐① ✇✐t❤ r❛♥❦ ❡q✉❛❧ t♦ r✳ ❋✉rt❤❡r♠♦r❡✱

s✉♣♣♦s❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t m ≥ n✳ ❚❤❡♥

• ∃ U ∈ R
m×r ✇❤♦s❡ ❝♦❧✉♠♥s ❛r❡ ♦rt❤♦♥♦r♠❛❧✱

• ∃ V ∈ R
n×r ✇❤♦s❡ ❝♦❧✉♠♥s ❛r❡ ♦rt❤♦♥♦r♠❛❧✱ ❛♥❞

• ∃ Σ ∈ R
r×r, Σ = ❞✐❛❣{σ1, σ2, . . . , σr} ❞✐❛❣♦♥❛❧ ✇✐t❤ σ1 ≥ σ2 ≥ · · · ≥ σr

s✉❝❤ t❤❛t A = UΣV T ✳

❚❤❡ ❢❛❝t♦r✐③❛t✐♦♥ A = UΣV T ✐s t❤❡ ❙❱❉ ♦❢ t❤❡ ♠❛tr✐① A ❛♥❞ t❤❡ ❛❜♦✈❡
t❤❡♦r❡♠ s❤♦✇s t❤❛t s✉❝❤ ❢❛❝t♦r✐③❛t✐♦♥ ❛❧✇❛②s ❡①✐sts✳

■t ❤❛s t♦ ❜❡ ♥♦t✐❝❡❞ t❤❛t t❤❡ r❛♥❦ ♦❢ A ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦
s✐♥❣✉❧❛r ✈❛❧✉❡s✳

❘❡❧❛t✐♦♥ ✇✐t❤ ❡✐❣❡♥✲❞❡❝♦♠♣♦s✐t✐♦♥

❋♦r♠ A = UΣV T ✱ ✇❡ s❡❡ t❤❛t

ATA = (UΣV T )T (UΣV T )

= (V ΣUT )(UΣV T )

= V Σ2V T

❚❤✐s ❧❛st ❡q✉❛t✐♦♥ ATA = V Σ2V T ✐s t❤❡ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s②♠♠❡t✲
r✐❝ ♠❛tr✐① ATA✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ s❤♦✇ AAT = UΣ2UT ✇❤✐❝❤ ✐s t❤❡ ❡✐❣❡♥✲
❞❡❝♦♠♣♦s✐t✐♦♥ ✭♦r ❞✐❛❣♦♥❛❧✐③❛t✐♦♥✮ ♦❢ t❤❡ s②♠♠❡tr✐❝ ♠❛tr✐① AAT ✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t✿

• t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐① V ❛r❡ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ ATA✱

• t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐① U ❛r❡ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ AAT ✱

• t❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡s ♦❢ A ❛r❡ t❤❡ sq✉❛r❡ r♦♦ts ♦❢ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ATA ✭♦r
AAT ✮✳

Pr♦♣❡rt✐❡s ♦❢ ❙❱❉

• ❚❤❡ r❛♥❦ ♦❢ ❛ ♠❛tr✐① ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ s✐♥❣✉❧❛r ✈❛❧✉❡s✳

• ❆ sq✉❛r❡ n× n ♠❛tr✐① A ✐s ♥♦♥✲s✐♥❣✉❧❛r ✐❢ ❛♥❞ ♦♥❧② ✐❢ σi 6= 0 ∀i✳

✻



• ■❢ A ✐s ❛ n× n ♥♦♥s✐♥❣✉❧❛r ♠❛tr✐①✱ t❤❡♥ A−1 ✐s ❣✐✈❡♥ ❜②

A−1 = V Σ−1UT ,

✇❤❡r❡ Σ−1 = diag{ 1

σ1

, · · · , 1

σn

}✳

✸✳✶ ❙✉♠ ♦❢ r❛♥❦ ♦♥❡ ♠❛tr✐❝❡s

❚❤❡ ❙❱❉ ♦❢ ❛♥ m × n ♠❛tr✐① A ♦❢ r❛♥❦ r ✐s ❣✐✈❡♥ ❜② A = UΣV T ✱ ✇❤✐❝❤ ❝❛♥
❛❧s♦ ❜❡ ✇r✐tt❡♥ ❛s

A =

r∑

i=1

σiuiv
T
i ,

✇❤❡r❡ ui ❛♥❞ vi ❛r❡ t❤❡ ❝♦❧✉♠♥s ♦❢ U ❛♥❞ V r❡s♣❡❝t✐✈❡❧②✳
◆♦t❡ t❤❛t ❡❛❝❤ t❡r♠ ♦❢ t❤✐s s✉♠✱ ✐✳❡✳ ❡❛❝❤ uiv

T
i ✱ ✐s ❛ m × n ♠❛tr✐① ♦❢ r❛♥❦

♦♥❡✳ ❙♦✱ t❤❡ ♠❛tr✐① A ✐s ❛ s✉♠ ♦❢ r❛♥❦ ♦♥❡ ♠❛tr✐❝❡s t❤❛t ❛r❡ ♦rt❤♦❣♦♥❛❧ ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ ♠❛tr✐① ✐♥♥❡r ♣r♦❞✉❝t✳

❚r✉♥❝❛t✐♥❣ t❤❡ s✉♠ ❛t p t❡r♠s ❞❡✜♥❡s ❛ r❛♥❦ p ♠❛tr✐① Ap =
∑p

i=1
σiuiv

T
i ✳

■❢ ✇❡ ❛♣♣r♦①✐♠❛t❡ A ✇✐t❤ Ap✱ t❤❡♥ ✇❡ ♠❛❦❡ ❛♥ ❡rr♦r ❡q✉❛❧s t♦ Ep = A−Ap =∑k

i=p+1
σiuiv

T
i ✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t Ap ✐s t❤❡ ❜❡st r❛♥❦ p ❛♣♣r♦①✐♠❛t✐♦♥ t♦

t❤❡ ♠❛tr✐① A✳
❚❤❡ ❧♦✇ r❛♥❦ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛ ♠❛tr✐① ❝❛♥✱ ❢♦r ❡①❛♠♣❧❡✱ ❜❡ ✉s❡❞ ❢♦r ✐♠❛❣❡

❝♦♠♣r❡ss✐♦♥✳

✹ P❈❆

Pr✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ✭P❈❆✮ ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ t❡❝❤♥✐q✉❡
❢♦r ❞❛t❛ ❛♥❛❧②s✐s✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ P❈❆ ✐s t♦ r❡❞✉❝❡ ❛ ❝♦♠♣❧❡① ❞❛t❛ s❡t t♦ ❛ ❧♦✇❡r ❞✐♠❡♥s✐♦♥
t♦ r❡✈❡❛❧ t❤❡✱ s♦♠❡t✐♠❡s ❤✐❞❞❡♥✱ s✐♠♣❧✐✜❡❞ str✉❝t✉r❡ t❤❛t ✉♥❞❡r❧✐♥❡s ✐t✳ ❙♦✱ ✇❡
❝❛♥ s❡❡ P❈❆ ❡ss❡♥t✐❛❧❧② ❛s ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s❀ ❛♥❞ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❝♦♠♣✉t❡ t❤❡
♠♦st ♠❡❛♥✐♥❣❢✉❧ ❜❛s✐s t♦ r❡✲❡①♣r❡ss ♦✉r ❞❛t❛ ✇✐t❤ t❤❡ ❤♦♣❡ t❤❛t t❤❡ ♥❡✇ ❜❛s✐s
✇✐❧❧ r❡✈❡❛❧ ❤✐❞❞❡♥ str✉❝t✉r❡ ♦❢ t❤❡ ❞❛t❛ ❛♥❞ r❡♠♦✈❡ t❤❡ r❡❞✉♥❞❛♥❝②✳

✹✳✶ ❉❛t❛ r❡♣r❡s❡♥t❛t✐♦♥

❙❛② ✇❡ ❤❛✈❡ N s❛♠♣❧❡s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ✐s ❛ ♣♦✐♥t ✐♥ R
L✳ ❲❡ r❡♣r❡s❡♥t ♦✉r ❞❛t❛

❛s ❛ ❞❛t❛ ♠❛tr✐① X = [X1, · · · , XN ]✱ ✇❤❡r❡ ❡❛❝❤ ❝♦❧✉♠♥ Xi r❡♣r❡s❡♥ts ❛ s❛♠♣❧❡
♣♦✐♥t ♦❢ ❞✐♠❡♥s✐♦♥ L✳ ❚❤✉s✱ X ✐s ❛ ♠❛tr✐① ♦❢ s✐③❡ L×N ✳

❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❞❛t❛ ✐s t❤❡♥ ❣✐✈❡♥ ❜② t❤❡ ❡q✉❛t✐♦♥✿

CX = X̃X̃T , ✭✻✮

✇❤❡r❡ X̃ = [X1 − X̄, · · · , XN − X̄] ✐s t❤❡ ③❡r♦✲♠❡❛♥ ❞❛t❛ ♠❛tr✐① ✭X̄ ❜❡✐♥❣ t❤❡
♠❡❛♥ ✈❡❝t♦r✮✳

✼



❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① CX ✐s ❛ sq✉❛r❡ L×L s②♠♠❡tr✐❝ ♠❛tr✐① t❤❛t ❡♥❝♦❞❡s
t❤❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❢❡❛t✉r❡s❀ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥t ♦❢ CX ❝♦♥✲
t❛✐♥ t❤❡ ✈❛r✐❛♥❝❡s ♦❢ ❡❛❝❤ ❢❡❛t✉r❡✱ ❛♥❞ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ❝♦rr❡s♣♦♥❞ t♦
t❤❡ ❝♦✈❛r✐❛♥❝❡s ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ❢❡❛t✉r❡s✳

✹✳✷ P❈❆ ❞❡r✐✈❛t✐♦♥

❋✐rst✱ ♥♦t❡ t❤❛t ✐❢ ❛❧❧ ♦✉r ❢❡❛t✉r❡s ✇❡r❡ ✉♥❝♦rr❡❧❛t❡❞ t❤❡♥ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①
✇♦✉❧❞ ❜❡ ❞✐❛❣♦♥❛❧✳ ❙✐♥❝❡ t❤❡ ❣♦❛❧ ✐s t♦ r❡♠♦✈❡ r❡❞✉♥❞❛♥❝② ✐♥ t❤❡ ❞❛t❛ ✭✇❤✐❝❤
❝♦rr❡s♣♦♥❞s t♦ r❡♠♦✈✐♥❣ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛❜❧❡s✮✱ ✇❡ ❤❛✈❡ t♦ ✜♥❞ ❛
tr❛♥s❢♦r♠❛t✐♦♥ ✭❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s✮ t❤❛t ♠❛❦❡s CX ✐s ❞✐❛❣♦♥❛❧ ♠❛tr✐①✳

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ✇❛♥t t♦ ✜♥❞ ❛ ♠❛tr✐① P ✱ s✉❝❤ t❤❛t ✐❢ Y = PX✱ t❤❡♥ t❤❡
❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ Y ✐s ❞✐❛❣♦♥❛❧✳

❙✐♥❝❡ CX ✐s ❛ s②♠♠❡tr✐❝ ♠❛tr✐①✱ ✇❡ ❝❛♥ ❞✐❛❣♦♥❛❧✐③❡ ✐t ❛s CX = V ΛV T ✳
❲❤✐❝❤ ❣✐✈❡s Λ = V TCXV ✳

▲❡t ❝❤♦♦s❡ P = V T ✱ ✐✳❡✳ Y = PX = V TX✳ ❚❤❡♥✱ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢
tr❛♥s❢♦r♠❡❞ ❞❛t❛ Y ✐s

CY = YYT

= (V TX)(V TX)T

= V T (XXT )V

= V TCXV

= Λ

❙♦✱ s❡tt✐♥❣ P = V T ♠❛❦❡s t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ tr❛♥s❢♦r♠❡❞ ❞❛t❛ t♦ ❜❡
❞✐❛❣♦♥❛❧✱ ✇❤❛t ✇❡ ✇❛♥t❡❞ t♦ ❛❝❤✐❡✈❡✳

❚❤❡ r♦✇s ♦❢ t❤❡ ♠❛tr✐① P ❛r❡ t❤❡ ✈❡❝t♦rs ♦❢ t❤❡ ♥❡✇ ❜❛s✐s ♦♥ ✇❤✐❝❤ t♦
r❡✲❡①♣r❡ss t❤❡ ❞❛t❛✳ ❚❤✐s ✈❡❝t♦rs ❛r❡ ❝❛❧❧❡❞ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts✳

❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t

• ❚❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ X ❛r❡ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡
♠❛tr✐① CX ✳

• ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✐❣❡♥✈❛❧✉❡s ❣✐✈❡ t❤❡ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❝❛rr✐❡❞ ❜②
❡❛❝❤ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t✳

✹✳✸ ❉✐♠❡♥s✐♦♥ r❡❞✉❝t✐♦♥

❯s✉❛❧❧②✱ ✇❡ ✇❛♥t t♦ r❡❞✉❝❡ t❤❡ ❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ✐✳❡✳ ✇❡ ✇❛♥t t♦
r❡♣r❡s❡♥t ❡❛❝❤ ♦❢ ♦✉r ❞❛t❛ ♣♦✐♥t ✐♥ ❛ ❧♦✇❡r ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ RK ✱ ✇✐t❤ K ≪ L✳

❉✐♠❡♥s✐♦♥❛❧✐t② r❡❞✉❝t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ❞❛t❛ ♣♦✐♥ts ♦♥t♦ t❤❡
K ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ K ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ❝♦✲
✈❛r✐❛♥❝❡ ♠❛tr✐① CX ✳

❖♥❡ q✉❡st✐♦♥ ✐s ❤♦✇ t♦ ❝❤♦♦s❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ✭♦r ❤♦✇
t♦ ✜① t❤❡ ✈❛❧✉❡ ♦❢ K✮❄ ❚♦ ❝❤♦♦s❡ K✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝r✐t❡r✐♦♥ ✇❤✐❝❤ t❛❦❡s
✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❝❛rr✐❡❞ ❜② ❡❛❝❤ ❡✐❣❡♥✈❡❝t♦r✿

✽



❍♦✇ ♠❛♥② ❝♦♠♣♦♥❡♥ts t♦ ❦❡❡♣❄

❈❤♦♦s❡ K s✉❝❤ t❤❛t

(

K∑

i=1

λi)/(

N∑

i=1

λi) > Threshold.

❚②♣✐❝❛❧ t❤r❡s❤♦❧❞ ✈❛❧✉❡s ❛r❡ 0.9 ♦r 0.95✳

■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ r❡❝♦♥str✉❝t✐♦♥ ❡rr♦r e =
∥∥∥X − X̂

∥∥∥ ✐s ♠✐♥✐♠✐③❡❞

✉s✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts✳ ❚❤✐s ❡rr♦r ✐s ❡q✉❛❧ t♦

e =
1

2

N∑

i=K+1

λi.

❉❛t❛ ♥♦r♠❛❧✐③❛t✐♦♥

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❞❡♣❡♥❞ ♦♥ t❤❡ ✉♥✐ts ❛♥❞ r❛♥❣❡ ♦❢
t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s❤♦✉❧❞ ❛❧✇❛②s ♥♦r♠❛❧✐③❡ t❤❡ ❞❛t❛ ♣r✐♦r t♦ ✉s✐♥❣
P❈❆✳ ❆ ❝♦♠♠♦♥ ♥♦r♠❛❧✐③❛t✐♦♥ ♠❡t❤♦❞ ✐s t♦ tr❛♥s❢♦r♠ ❛❧❧ t❤❡ ❞❛t❛ t♦ ❤❛✈❡ ③❡r♦
♠❡❛♥ ❛♥❞ ✉♥✐t st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✿

X ′

i =
Xi − µ

σ
,

µ ❛♥❞ σ ❜❡✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♠❡❛♥ ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ Xi✬s✳

✹✳✹ P❈❆ ❛❧❣♦r✐t❤♠

❍❡r❡✱ ✇❡ s✉♠♠❛r✐③❡ t❤❡ ♠❡t❤♦❞♦❧♦❣② t♦ ♣❡r❢♦r♠ P❈❆✳ ▲❡t x1,x2, . . . ,xN ❜❡
✈❡❝t♦rs ✐♥ R

L✳

• ❙t❡♣ ✶✿ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ✈❡❝t♦r x = 1

N

∑N

i=1
xi✳

• ❙t❡♣ ✷✿ s✉❜tr❛❝t t❤❡ ♠❡❛♥ Φi = xi − x ❢♦r i = 1, . . . , N ✳

• ❙t❡♣ ✸✿ ❢♦r♠ t❤❡ L×N ♠❛tr✐① A = [Φ1 Φ2 · · · ΦN ] ❛♥❞ ❝♦♠♣✉t❡

Σ =
1

L

N∑

i=1

ΦiΦ
T
i =

1

L
AAT .

• ❙t❡♣ ✹✿ ❝♦♠♣✉t❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s λ1 > λ2 > · · · > λL ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✲
✐♥❣ ❡✐❣❡♥✈❡❝t♦rs u1,u2, . . . ,uL ♦❢ Σ✳

• ❙t❡♣ ✺✿ s✐♥❝❡ Σ ✐s s②♠♠❡tr✐❝✱ ✐ts ❡✐❣❡♥✈❡❝t♦rs ❢♦r♠ ❛ ❜❛s✐s✳ ❙♦ ❛♥② ✈❡❝t♦r

x− x ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s x− x =
∑L

i=1
biui✳

❚♦ ♣❡r❢♦r♠ ❞✐♠❡♥s✐♦♥❛❧✐t② r❡❞✉❝t✐♦♥✱ ❦❡❡♣ ♦♥❧② t❤❡ ✈❡❝t♦rs ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ K ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡s✿

x̂− x =

K∑

i=1

biui ✇❤❡r❡ K << N.

✾



✹✳✺ ❙✐③❡ tr✐❝❦

■♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✱ ✐t ❤❛♣♣❡♥s t❤❛t ✇❡ ❤❛✈❡ ❢❡✇ ❞❛t❛ ❜✉t ♠❛♥② ✈❛r✐❛❜❧❡s✱ ✐✳❡✳
N ≪ L✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ ❤❛✈❡ ✶✵✵ ✐♠❛❣❡s ❡❛❝❤ ♦❢ s✐③❡ ✹✵✵①✻✵✵✱ t❤❡♥ ♦✉r ❞❛t❛
♠❛tr✐① X ❤❛s ❞✐♠❡♥s✐♦♥s N = 100 ❛♥❞ L = 240, 000✳

■♥ s✉❝❤ ❛ ❝❛s❡✱ ❝♦♠♣✉t✐♥❣ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✴❡✐❣❡♥✈❡❝t♦rs ♦❢ CX ❛s ❛❜♦✈❡ ♠❛②
❜❡ ❞✐✣❝✉❧t ✐❢ L ✐s t♦♦ ❧❛r❣❡✳

❚❤❡ s✐③❡ tr✐❝❦ ❤❡r❡ ✐s t♦ ✇♦r❦ ✇✐t❤ t❤❡ ♦t❤❡r ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

C′

X = X̃T X̃.

❚❤✐s ♥❡✇ ♠❛tr✐① ✐s ♦❢ s✐③❡ N ×N ✐♥st❡❛❞ ♦❢ L× L ❛s CX ✳
▲❡t C′

X = V ′Λ′V ′T ✱ ❜❡ t❤❡ ❡✐❣❡♥✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ C′

X ✳
❚❤❡ ❢❛❝t ✐s t❤❛t ❜♦t❤ ♠❛tr✐❝❡s CX ❛♥❞ C′

X ❤❛✈❡ t❤❡ s❛♠❡ ♥♦♥✲③❡r♦ ❡✐❣❡♥✲
✈❛❧✉❡s ✭t❤❡② ❤❛✈❡ s❛♠❡ r❛♥❦✮✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ Λ = Λ′✳

❲❤❛t ❛❜♦✉t t❤❡ ❡✐❣❡♥✈❡❝t♦rs❄

▲❡t x ❜❡ ❛♥ ❡✐❣❡♥✈❡❝t♦r ♦❢ C′

X ✳ ❚❤❡♥ C′

Xx = λx✳

❚❤❛t ✐s X̃T X̃x = λx ⇒ (X̃X̃T )X̃x = λX̃x ⇒ Σ(X̃x) = λX̃x✳

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❤❛✈❡ CX(X̃x) = λ(X̃x)✱ ❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡
❡✐❣❡♥✈❡❝t♦rs ♦❢ CX ❛♥❞ t❤♦s❡ ♦❢ C ′

X ❛r❡ r❡❧❛t❡❞ ❜② t❤❡ ❡q✉❛t✐♦♥

V = X̃V ′.

✹✳✻ P❈❆ ✫ ❙❱❉

❋r♦♠ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❙❱❉ ♦❢ ❛ ♠❛tr✐① A ✐s ❣✐✈❡♥ ❜② A = UΛV T ✱
✇❤❡r❡ U ❛♥❞ V ❛r❡ ♦rt❤♦❣♦♥❛❧ ♠❛tr✐❝❡s✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❛❧s♦ s❡❡♥ t❤❛t t❤❡ ❝♦❧✉♠♥s ♦❢ V ❛r❡ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢
AAT ✱ ✇❤✐❧❡ t❤❡ ❝♦❧✉♠♥s ♦❢ U ❛r❡ ❡✐❣❡♥✈❡❝t♦rs ♦❢ ATA✳

❙♦✱ ✇❡ ❝❛♥ ♣❡r❢♦r♠ P❈❆ ✇✐t❤♦✉t ❝♦♠♣✉t✐♥❣ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ ❜✉t ❢r♦♠
❙❱❉ ❞✐r❡❝t❧② ✭♦❢ ❝♦✉rs❡✱ ❛❢t❡r tr❛♥s❢♦r♠✐♥❣ t❤❡ ❞❛t❛ t♦ ❤❛✈❡ ③❡r♦✲♠❡❛♥✮✳ ❚❤❡
❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♦♣t✐♦♥ ✐s t❤❛t ✇❡ ❞✐r❡❝t❧② ❛♣♣❧② t❤❡ s✐③❡✲tr✐❝❦✳ ■♥ s❤♦rt✱ ✐❢ X
✐s ❛♥ L×N ♠❛tr✐① ✇✐t❤ N < L✱ t❤❡♥ ✇❡ ❦♥♦✇ t❤❡ r❛♥❦ ♦❢ X ✐s ❛t ♠♦st ❡q✉❛❧
t♦ N ✭s❡❡ ♣r♦♣❡rt✐❡s ♦❢ r❛♥❦ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✮✳ ❙♦ ✇❡ ❞♦♥✬t ♥❡❡❞ t♦ ❝♦♠♣✉t❡ ❛❧❧ L
s✐♥❣✉❧❛r ✈❛❧✉❡s ✭❛♥❞ ✈❡❝t♦rs✮ ♦❢ X ❛s ♠❛♥② ♦❢ t❤❡♠ ✇✐❧❧ ❜❡ ③❡r♦✳ ❲❡ ❝❛♥ s✐♠♣❧②
❝♦♠♣✉t❡ N s✐♥❣✉❧❛r ✈❛❧✉❡s ✭❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦rs✮✱ ❛♥❞ t❤✐s ✐s ❡①❛❝t❧②
t❤❡ s✐③❡✲tr✐❝❦ ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✳

❘❡❢❡r❡♥❝❡s

✶✳ ●✐❧❜❡rt str❛♥❣✱ ✧■♥tr♦❞✉❝t✐♦♥ t♦ ▲✐♥❡❛r ❆❧❣❡❜r❛✧✱ ✹t❤ ❡❞✐t✐♦♥✱ ❲❡❧❧❡s❧❡②
❈❛♠❜r✐❞❣❡ Pr❡ss✱ ✷✵✵✾✳

✷✳ ❉és✐ré ❙✐❞✐❜é✱ ✧❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✧✱ ▲❡❝t✉r❡ ◆♦t❡s✱ ❯♥✐✈❡rs✐té ❞❡ ❇♦✉r✲
❣♦❣♥❡✱ ✷✵✶✷✳

✶✵


