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Abstract

Let £ > 2 be an integer and 71, ..., T} be spanning trees of a graph G.
If for any pair of vertices (u,v) of V(G), the paths from u to v in each Tj,
1 <4 < k, do not contain common edges and common vertices, except the
vertices u and v, then Ti,...,T; are completely independent spanning
trees in GG. For 2k-regular graphs which are 2k-connected, such as the
Cartesian product of a complete graph of order 2k — 1 and a cycle and
some Cartesian products of three cycles (for k£ = 3), the maximum number
of completely independent spanning trees contained in these graphs is
determined and it turns out that this maximum is not always k.

Keywords: Spanning tree, Cartesian product, Completely indepen-
dent spanning tree.

1 Introduction

Let £ > 2 be an integer and T7,...,T, be spanning trees in a graph G. The
spanning trees T1, ..., Ty are edge-disjoint if E(Ty) N ---N E(Ty) = 0. For a
given tree T and a given pair of vertices (u,v) of T, let Pr(u,v) be the set
of vertices in the unique path between u and v in 7. The spanning trees
Ty,..., T are internally disjoint if for any pair of vertices (u,v) of V(G),
Pr, (u,v) N---N Pp,(u,v) = {u,v}. Finally, the spanning trees T1,...,T} are
completely independent spanning trees if they are pairwise edge disjoint and
internally disjoint.

*Author partially supported by the Burgundy Council



Disjoint spanning trees have been extensively studied as they are of prac-
tical interest for fault-tolerant broadcasting or load-balancing communication
systems in interconnection networks : a spanning-tree is often used in various
network operations; computing completely independent spanning-trees guaran-
tees a continuity of service, as each can be immediately used as backup spanning
tree if a node or link failure occurs on the current spanning tree. Thus, com-
puting k completely independent spanning trees allows to handle up to k — 1
simultaneous independent node or link failures. In this context, a network is
often modeled by a graph G in which the set of vertices V(G) corresponds to
the nodes set and the set of edges E(G) to the set of direct links between nodes.

Completely independent spanning trees were introduced by T. Hasunuma
[4] and then have been studied on different classes of graphs, such as underlying
graphs of line graphs [4], maximal planar graphs [6], Cartesian product of two
cycles [7] and complete graphs, complete bipartite and tripartite graphs [11].
Moreover, the decision problem that consists in determining if there exist two
completely independent spanning trees in a graph G is NP-hard [6].

Other works on disjoint spanning trees include independent spanning trees
which focus on finding spanning trees 11, ..., Tk rooted at r, such that for any
vertex v the paths from r to v in T1,..., T are pairwise openly disjoint. the
main difference is that 71,...,Ty are rooted at r and only the paths to r are
considered. Thus T7,...,T; may share common edges, which is not admissible
with completely independent spanning trees. Independent spanning trees have
been studied in several topologies, including product graphs [10], de Bruijn and
Kautz digraphs [3, 5], and chordal rings [9]. Related works also include Edge-
disjoint spanning trees, i.e. spanning-trees which are pairwise edge disjoint
only. Edge-disjoint spanning trees have been studied on many classes of graphs,
including hypercubes [1], Cartesian product of cycles [2] and Cartesian product
of two graphs [8].

We use the following notations : for a tree, a vertex that is not a leaf is
called an inner verter. For a vertex u of a graph G, let dg(u) be its degree in
G, i.e. the number of edges of G incident with it.

For clarity, we recall the definition of the Cartesian product of two graphs :
Given two graphs G and H, the Cartesian product of G and H, denoted GUH,
is the graph with vertex set V(G) x V(H) and edge set {(u,u’)(v,v")|(u =
vAu'Y € E(H))V (v =v Auv € E(G))}.

The following theorem gives an alternative definition [4] of completely inde-
pendent spanning trees.

Theorem 1.1 ([4]). Let k > 2 be an integer. Ty, ..., Ty are completely indepen-
dent spanning trees in a graph G if and only if they are edge-disjoint spanning
trees of G and for any v € V(G), there is at most one T; such that dr,(v) > 1.

It has been conjectured that in any 2k-connected graph, there are k com-
pletely independent spanning trees [6]. This conjecture has been refuted, as
there exist 2k-connected graphs which do not contain two completely indepen-
dent spanning trees [12], for any integer k. However, the given counterexamples
are not 2k-regular.



Proposition 1.2 ([12]). For any k > 2, there exist 2k-connected graphs that
do not contain two completely independent spanning trees.

The proof of the previous proposition consists in constructing a 2k-connected
graph with a large proportion of vertices of degree 2k adjacent to the same
vertices and proving that these vertices of degree 2k can not be all adjacent to
inner vertices in a fixed tree.

This article is organized as follows. Section 2 presents necessary conditions
on 2r-regular graphs in order to have r completely independent spanning trees.
Section 3 presents the maximum number of completely independent spanning
trees in K,,dC,,, for n > 3 and m > 3. In particular, we exhibit the first
2r-regular graphs which are 2r-connected and which do not contain r com-
pletely independent spanning trees. In Section 4, we determine three com-
pletely independent spanning trees in some Cartesian products of three cycles
C,0C,,0C,,, for 3 <n; <ng < ns.

2 Necessary conditions on 2r-regular graphs

Proposition 2.1. If in a 2r-regular graph G there exist v completely indepen-
dent spanning trees, then every spanning tree has mazximum degree at most r+1.

Proof. By Theorem 1.1, every vertex should be of degree 1 in every spanning
tree except in one spanning tree. Hence, in a spanning tree, a vertex is either
of degree 1 (a leaf) or has degree between 2 and r + 1 (an inner vertex), as
2r—(r—1)=r+1. O

Let IN(T') be the set of inner vertices in a tree 7.

Proposition 2.2. If in a 2r-reqular graph G of order n there exist r completely
independent spanning trees, then there exists a spanning tree T among them

such that |IN(T)| < |n/r].

Proof. Let Ty, ...,T, be completely independent spanning trees in G and sup-
pose that |IN(T;)| > [n/r] for every i € {1,...,7}. By Theorem 1.1, we have
> IN(T;)| < m. With our hypothesis, we have Y |IN(T;)| > (|n/r] + 1)r > n,
i=1 ;

= 1=1
and a contradiction. O

Proposition 2.3. If in a 2r-reqular graph G of order n there exist r completely
independent spanning trees Ty, ..., Ty, then for every integer i, 1 <i <r,

{" - 2} < |IN(T})| < n — VT_QW (r—1).




Proof. In a spanning tree T of a graph of order n we recall that > dr(v) =
veV(T)
2n — 2. By Proposition 2.1, we have Y. dr(v) < |IN(T)|r + n and we obtain
veV(T)
[2=2] < [IN(T)|. By Theorem 1.1, Y [IN(T;)| < n. For a fixed integer i, using
i=1
the previous inequality, we obtain [IN(T;)| < n — [2=2](r — 1). O

Definition 2.1. Let G be a 2r-reqular graph of order n for which there exist r

completely independent spanning trees Ty, ..., T.. A lost edge is an edge of G

that is in none of the spanning trees Ty, ..., T,. We let E' be the set of lost edges,

ie. B'=FE(G)— U E(Ty). Let also E}, = {w € E(G)|u,v € IN(T;), uv ¢
1<i<lr

E(T;)}, forie{l,...,r}, ie. EITZ is the subset of edges of E' that have their

two extremities in IN(T;).

Proposition 2.4. If in a 2r-reqular graph G of order n there exist r completely
independent spanning trees Ty, ..., T,, then |E'| =r.

Proof. We have Y |E(T;)| + |E!| = E(G) = rn and Y |E(T3)| = r(n — 1).
=1 i=1
Hence, |E'| = r. O

Since each edge of EITZ is also in E' and each edge of E! is in at most one
set ElTi for some integer i, we have the following observation.

Observation 2.5. In a 2r-regular graph G of order n for which there exist r

completely independent spanning trees Ty, ..., T, we have > |EZTZ| <|ElY =
1<i<r
T

Definition 2.2. The potential extra degree of a spanning tree T in a 2r-regular
graph G of order n is ped(T) = |[IN(T)|r —n + 2.

With Proposition 2.3, we have the following easy observation:

Observation 2.6. Let G be a graph, for which there exist v completely inde-
pendent spanning trees Th, ..., T.. Then, for every i, 0 <i <r, ped(T;) > 0.

Note also that, by definition, the number of inner vertices of T; of degree at
most 7 is bounded by ped(T;).

Proposition 2.7. If in a 2r-reqular graph G of order n there exist r completely
independent spanning trees, then there exists a spanning tree T among them
such that ped(T) < 2 and EY < 1, with strict inequalities if v does not divide n.

Proof. By Proposition 2.2, there exists a tree T' among them such that [IN(T)| <
[n/r|. Hence, ped(T) < |n/r|r —n + 2 < 2, with strict inequality if r does
not divide n. For every edge uv in EL, both u and v are adjacent to one inner

vertex of every spanning tree other than 7. Hence, both u and v have degree
at most r in 7" and thus ped(T) > 2|EL.|. O



Note that the inequality ped(T) > 2|EL| can be strict.

Corollary 2.8. Suppose that G is a 2r-reqular graph of order n for which there
exist v completely independent spanning trees Ty, ..., T,, forr > 3 and n =0
(mod r). Then, for every integer i, 1 <i <r, |IN(T;)| = n/r and ped(T;) = 2.

Observation 2.9. For a 2r-reqular graph G of order n for which there exist r
completely independent spanning trees T1,...,T,, for every tree T;, 1 < i <,
and every edge e in ElTi, the extremities of e have degree at most r in Tj.

3 Cartesian product of a complete graph and a
cycle

Let m > 3 and n > 2 be integers. In this section, the considered graphs are
K,,0P,, and K,,00C, n > 3. _

Let V(K,,OP,) = V(K,,O0C,) = {u], 0<i<m-1,0<j <n-—1} and
E(K,OP,) = {uju), 0<i,k<m—1,i#k0<j<n-1}U{ulu]™, 0<i<
m—1,0<j<n-2}). B(K,0C,) = E(K,,0P,)U{uu?, 0<i<m-—1}.

For j € {0,...,n — 1}, the subgraphs K/ induced by {uz, 0<i<m-1
are thus complete graphs on n vertices that we call K-copies. In order to study
the distribution of inner vertices of the spanning trees among the K-copies, we
let V;(T) = IN(T) N V(K?) and n;(T) = |V;(T)| for any spanning tree T of
K,,0C,. ‘

In the remaining, the subscript of u] is considered modulo m and its super-
script and the subscripts of V;(T") and n;(T") are considered modulo n.

Proposition 3.1. Let n and r be integers, n > 2, r > 2. There exist r com-
pletely independent spanning trees in Ko (1P, .

Proof. We construct r completely independent spanning trees T3, ..., T} as
. _ ] j+1 j j+1 .

follows: E(T;) = {u;_yuiy,upy;_yupiylj € {0, on = 23 U{ud_yuy; 1 }U

{uf_qul pouwl gl Ik € {0, r =2} 5 €{0,...,n—1}}. O

Corollary 3.2. Let n and r be integers, n > 3, v > 2. There exist v completely
independent spanning trees in Ko,.0C),.

In the three next propositions, we will prove that there do not exist r com-
pletely independent spanning trees in Ks,._10C,, for some integers r and n.
Let p = |V (K2,-10Cy)| = n(2r — 1) and assume that there exist r completely
independent spanning trees T71,...,7, in Ko._100C,. Let T be the spanning
tree among them which minimizes |[IN(7')|, i.e. ped(T). By Proposition 2.2, T
is such that [IN(T)| < |p/r| =2n — [n/r], ped(T) < 2nr — [n/rlr —p+2 <
n —[n/rlr +2 < 2 and |EL| < 1. In order to establish this property we will
consider all possible distributions of inner vertices of 7" among the different
K-copies and prove that for each of them we have a contradiction.

The properties given in the following lemma will be useful.



Lemma 3.3. Let a;(T) be the number of K -copies which contains exactly i inner
vertices of T'. The distribution of inner vertices among the different K -copies
1s such that:

i) if n;(T) > k, for some integer j, then |EL| > 1(k —1)(k — 2);
it) n;(T) < 4, for every integer j;
i) a3(T) < 1;
) if as(T) =1, then n =0 (mod r) and n > r;

v) if ao(T) = 0, then az(T) < a1(T) — [n/r]; in particular a1 (T) > as(T)
and a1 (T) > [n/r].

Proof. i) : A complete graph of order k contains %k(k —1) edges and only k—1
edges are in E(T). Thus we have |EL| > 2(k —1)(k — 2).

ii) and iii) : If n;(T") > 4 for some j or az(T) > 1, then by i), we have |EL| > 2.
Hence, a contradiction.

iv) : As ped(T) < n— [n/r]r+2, we have |EL| < 1 in the case n # 0 (mod 7).
As n >0, we have n > r.

v) : By ii), we have |IN(T)| = a1(T) + 2a2(T) + 3a3(T) and az = n — a1 (T) —
as3(T). Hence |IN(T)| = a1(T) + 2(n — a1(T) — a3(T)) + 3as(T) < 2n — [n/r]
by the choice of T'. Thus, a3(T) < a1(T) — [n/r] and consequently a1 (T') > as
and a1 (T) > [n/r]. O

We recall the following observation used in [12].

Observation 3.4 ([12]). If in a graph G there exist r completely independent
spanning trees Ty, ..., T, then for every integer i, 1 < i < r, every vertex is
adjacent to an inner vertex of T;.

Proposition 3.5. Let n,r be integers, with n > 3 and r > 6. There do not
exist v completely independent spanning trees in Ko, 10C,.

Proof. The proof is by contradiction, using Properties i)-v) of Lemma 3.3. Sup-
pose that there exist r completely independent spanning trees in Ko,._10C),
and let T be the tree from Proposition 2.2. If a K-copy K*, 1 < i < n, contains
no inner vertex, then, by Observation 3.4, n;—1(T) + n;+1(T) > 2r — 1 > 11.
Consequently, we have n;_1(T) > 6 or n;41(T) > 6, contradicting Property ii).
Hence ao(T") = 0.

By Property v), a1(T') > [n/r] > 1. Hence there exists an integer ¢, 0 < ¢ <
n—1, such that n; = 1. Let u be the (unique) vertex of V;(T'). The vertex u has
degree at most r + 1 in T and is adjacent in 7" to a vertex of V;_1(T)UV;11(T).
Then, u is adjacent in T to at most r vertices of V (K?). Thus, at least r—2 > 4
vertices are not adjacent in 7' to u. Hence, these » — 2 vertices are adjacent in
T to vertices of V;_1(T) U V;11(T) and consequently n;_1(T) + n;+1(T) > 5.
Therefore, we have n;_1(T) > 3 or n;11(T) > 3.

Assume, without loss of generality, that n;41(7T) > 3. By Property ii),
ni41(T) = 3 and by Property iii), a3(T) = 1, i.e., nj(T) < 3 for any j # i.



([ ]
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Figure 1: A configuration of inner vertices in the proof of Proposition 3.6. Boxes
are inner vertices and the dashed edge represents a lost edge.

But, by Property iv), n > r and by Property v), a3 > 2. Let j be such that
n;(T) = 1, with j # i. Using a similar argument than above, we obtain that
n;—1(T) > 3 or njy1(T) > 3. But, as ag(T) = 1, the only possibility is to have
j =142, i.e. both K-copies with one internal vertices are adjacent to the same
K-copy with three internal vertices.

Let v be the (unique) vertex of V;(T"). One vertex among u and v is adjacent
in T to two inner vertices (if not 7" would be not connected). Suppose, without
loss of generality, that u is adjacent in T to two inner vertices. Then wu is
adjacent in T’ to at most r — 1 vertices in V(K?). Thus, at least r — 1 > 5
vertices are not adjacent in T' to u. Therefore, at least 5 vertices are adjacent
in T to vertices of V;_1(T) U V;4+1(T) and consequently n;_1(T) + n;41(T) > 7.
Hence, we have n;_1(T) > 4 or n;+1(T") > 4, contradicting Property ii). O

Proposition 3.6. Let n,r be integers, with4 <r <5 andn > r+1. There do
not exist v completely independent spanning trees in Kon._10C,.

Proof. The proof is by contradiction, using Properties i)-v) of Lemma 3.3. Sup-
pose that there exist r completely independent spanning trees in Ko,._1C),
and let T be the tree from Proposition 2.2. If a K-copy K%, 0 < i < n — 1,
contains no inner vertex, then n;_1(T) 4+ n;41(T) > 7. Consequently, we have
ni—1(T) > 4 or ni41(T) > 4, contradicting Property ii). Hence ao(T) = 0.
By Property v), ai1(T) > [n/r] > 2. Thus, there exist two integers ¢ and j,
0<4i<j<mn-1,such that n;(T) = n,;(T) =1, with v € V;(T) and v € V;(T).

First, suppose that i = j — 1. Each of v and v has degree at most r + 1 in
T and u (v, respectively) is adjacent in T' to a vertex of V;_1(T) U V;11(T) (of
Vi—1(T) U V41 (T), respectively).

If u and v are adjacent in 7', then one vertex among u and v is adjacent in
T to a vertex of V;_1(T)UV;11(T) (if not T would be not connected). Suppose,
without loss of generality, that u is adjacent to two inner vertices. Then, at
least r — 1 > 3 vertices of V(K?) are not adjacent in T to u. Consequently,
n;—1(T) > 4 and we have a contradiction with Property ii).

Else if u and v are not adjacent in 7', then both v and v are adjacent in T to
vertices of V;_1(T') U Vj41(T) (if not, T would be not connected). The vertices
u and v are each adjacent in 7" to at most r vertices in V (K*) UV (K7). Hence,



there remain at least 4r — 2 — 2r — 2 = 2r — 4 > 4 vertices in V(K*) U V(K7)
that must be adjacent in T' to vertices of V;_1(T") U Vj41(T) other than the
neighbors of v and of v. Consequently n;—1(T") + n;41(T) > 6. Hence, we have
n;—1(T) > 3 and nj+1(T) > 3, contradicting Property iii) or n,—1(T) > 4 or
n;+1(T) > 4, contradicting Property ii).

Second, if |i — j| > 1, then one vertex among u and v is adjacent in T to
two inner vertices (if not 7" would be not connected). Suppose, without loss
of generality, that u is adjacent to two inner vertices. At least r — 1 vertices
of V(K') are not adjacent in T to u. Hence, if r = 5, we have n;_1(T) > 3
and n;1(T) > 3, contradicting Property iii) or n;—1(T) > 4 or n;+1(T) > 4,
contradicting Property ii). Consequently, we suppose that = 4. Then, at least
r —1 > 3 vertices of V(K*) are not adjacent in T to u. Therefore, we have
Tlifl(T> Z 3 or niJrl(T) Z 3.

Assume, without loss of generality, that n;41(7) > 3. By Property ii),
n;41(T) = 3 and by Property iii), as(T) = 1, i.e., nj(T") < 3 for any j # . But,
as n > r and by Property v), a; > 3. Let i’ be such that n; (T') = 1, with ¢’ # ¢
and i’ # 4. If |i —i| =1 or |/ — j| = 1, we have a contradiction, using the first
point. Two vertices among u, v and u’ should be adjacent to two inner vertices.
Suppose it is the vertices v and v. Using a similar argument than above, we
obtain that n;_1(T") > 3 or nj+1(T) > 3. But, as a3(T") = 1, the only possibility
is to have j = ¢ + 2, i.e. both K-copies with one internal vertices are adjacent
to the same K-copy with three internal vertices.

In this case, as r = 4, then four vertices are not inner vertices in V(K®*!),
at least three vertices of V(K?) are not adjacent in T' to u and at least three
vertices of V(K7) are not adjacent in T to v. Moreover, we have n;_1(T) < 2
and n;41(T) < 2. Figure 1 illustrates this configuration. Thus, four vertices of
V(K1) are adjacent in T to vertices of V;1(T) and four vertices of V(K*) U
V(K7) are adjacent in T' to vertices of V;41(T'). However, by Observation 2.9,
the vertices of V;4+1(T) can be adjacent to at most seven leaves in T'. Hence, we
have a contradiction.

O

Proposition 3.7. There do not exist five completely independent spanning trees
m KgDCg.

Proof. Suppose that there exist five completely independent spanning trees in
KoOC5 and let T be the tree from Proposition 2.2. We recall that |V (KyOC3)| =
27 and |[IN(T)| < 6 — [3/4] = 5. If a K-copy K% 0 < i < n — 1, contains no
inner vertex, then n;_1(T) > 5 or n;+1(T) > 5. Thus, we have a contradiction
with Property ii). By property iv), asn Z 0 (mod r), we have az(T) = 0. Thus,
the only possible distribution of inner vertices of T'is a1(T") = 1 and a2(T) = 2.
Without loss of generality, suppose that no(T) = 1, n1(T) = 2 and na(T) = 2,
with v € Vi(T). _

Let the position of a vertex u] be i. As T should be connected, two pairs
of inner vertices in different K-copies should be adjacent in T among these five
inner vertices. Thus, these five vertices have only three different positions. The



Figure 2: A pattern to have three completely independent spanning trees in
K;0C,, for n =0 (mod 3).

vertex u has degree at most 6 in 7. Hence, there are r —2 > 3 vertices of V/(K!)
not adjacent in 7' to u. As the inner vertices have only two positions different
from the position of u, it is impossible that every vertex is adjacent in T' to an
inner vertex of T O

We now show positive results for the remaining values of » and n. Some of
the spanning trees were found using a computer to solve an ILP formulation of
the problem.

Proposition 3.8. Let n > 3 be an integer such that n = 0 (mod 3). There
exist three completely independent spanning trees in KsC,,.

Proof. We construct three completely independent spanning trees 77, 15 and T3
using repeatedly the pattern illustrated in Figure 2 on each three consecutive
K-copies:
_ f,,33, 1435 1+35 2435 | 2+3j 3+35 35,35 35, 3]
E(Ty) = {ug’uy” ™, u U ) U Uy =, Uy U™, Uy  Us™
35,33 ,33,35 .33, 1+35 1+35 1435 1435 1+3j 143j 2+3j

u%g} ,211333'1&4 Z,ﬁs?} u23+3j ,u20+3j u21+3j ,u20+3j u24+3j ’-UQ 2 0.1
b0 ,31;‘0 1+31;1 1#31;2 2+313L‘ 2#31;2 3+31;4 3j|]3j€ {% .éfn/gil}}i{%’ U}
E3(]T21)+3_j {U11+gj1 1+’3;L1 1+gj1 1+’3yu1 1+gj1 1+’3;'L1 ?J?B}uh%? ’ 2435 243j

Uy Uy 7, U , U U , U U, JUy ug L uy Mug

i Ty g et g gt € {0, n/3- 11— {ud, ul

_ 3j, 1435  1+3j5, 2+35 | 2+35, 3+35 , 35,35 , 35, 3]
E(Ts) = {uy’uy, 7, u U , U U y o Uy 5 Ug” Uq™
3j 37 37 3j 143j 1435 1435 1435 1435 1435 1435 1+43j
uy’uy” uy’ug’ uz M u Jus U w7 uy M ug

1435, 2+35 , 2+3j5, 2+35 _ 2+3j, 2435 | 2+3j, 3437 0,1
uz P uz ™ g ug Ty a5 € {0,000 /311 —{ud, ug )
O

Proposition 3.9. Let n > 3 be an integer. There exist three completely inde-
pendent spanning trees in KsOC,.

Proof. By Proposition 3.8, there exist three completely independent spanning
trees in K50C,,, forn =0 (mod 3). Forn =1 (mod 3), we use the pattern from
Proposition 3.8 for K*U...UK" !, completed by the pieces of three completely
independent spanning trees of K°UK'UK?UK? depicted in Figure 3 and whose
edge sets are given in Appendix A.1. For n = 2 (mod 3), we use the pattern
from Proposition 3.8 for K° U ... U K" ! completed by the pieces of three



Figure 3: The three completely independent spanning trees in K5[C,,, for K°U
K'UK?UK?and n=1 (mod 3).

Figure 4: The three completely independent spanning trees in K5[C,,, for K°U
K'UK?UK3UK* and for n =2 (mod 3).

completely independent spanning trees of KU KU K? U K3 U K* depicted in
Figure 4 and whose edge sets are given in Appendix A.2. Note that Figures 3

and 4 depicte also three completely independent spanning trees in K5[1C4 and
KsCs. O

Proposition 3.10. There exist four completely independent spanning trees in
K;OCs.

Proof. The four completely independent spanning trees in K7[JC5 are depicted
in Figure 5 and their edge sets are given in Appendix A.3. O
Proposition 3.11. There exist four completely independent spanning trees in
K;OC,.

Proof. The four completely independent spanning trees in K7[JC, are depicted
in Figure 6 and their edge sets are given in Appendix A.4. O
Proposition 3.12. There exist five completely independent spanning trees in
KoUCy.

Proof. The five completely independent spanning trees in Kql1C} are depicted
in Figure 7 and their edge sets are given in Appendix A.5. O

Proposition 3.13. There exist five completely independent spanning trees in
Ko s.
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Figure 6: Four completely independent spanning trees in K7[JCj.

Proof. The five completely independent spanning trees in Kq[1C'5 are depicted
in Figure 8 and their edge sets are given in Appendix A.6. O

We end this section with a theorem summarizing the results for K,,0C,.
Given a graph G, let mcist(G) be the maximum integer k such that there exist
k completely independent spanning trees in G.

Theorem 3.14. Let m > 3 and n > 3 be integers. We have:

. ~f Im/2], f(m=3,5V(m=7TAn=3,4)V(m=9An=4,5));
meist(K,,C,,) { |m/2], otherwise.

Proof. For every even m, by Corollary 3.2, there exist m/2 completely indepen-
dent spanning trees. Suppose m is odd. For m = 3, Hasunuma and Morisaka
[7] has proven that in any Cartesian product of 2-connected graphs, there are
two completely independent spanning trees. By Propositions 3.12, 3.13, 3.10,
3.11 and 3.9, we obtain that there exist [m /2] completely independent spanning
trees form=5o0or (m=TAn=3,4)or (m=9An=4,5).

In the other cases, by Propositions 3.5, 3.6, 3.7, there do not exist [m/2]
completely independent spanning trees in these graphs. By Corollary 3.2, there
exist |m/2]| completely independent spanning trees in K,,_100C,,. From these
|m/2] completely independent spanning trees in K,,_10C,,, we can construct
|m/2] completely independent spanning trees in K,,[JC,,. The graph K,,,00C,
contains n vertices uo, ..., u,—1 not in K,, 10C,, with u; € V(K) for j =

11
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Figure 7: Five completely independent spanning trees in Ko[JCjy.
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Figure 9: The pattern for the three completely independent spanning trees of
TM(3,3,3q), with ¢ > 2.

0,...,n—1. For each 1 < i < |m/2], it suffices to add an edge between u,,
1 < j < n, and a vertex of V;(T;) to obtain |m/2] completely independent
spanning trees in K,,00C),. O

4 3-dimensional toroidal grids

Hasunuma and Morisaka [7] have shown that there are two completely inde-
pendent spanning trees in any 2-dimensional toroidal grid and left as an open
problem the question of whether there are n completely independent spanning
trees in any n-dimensional toroidal grid, for n > 3. In this section we give a
partial answer for n = 3 by finding three completely independent spanning trees
in some 3-dimensional toroidal grids.

Let n1, no and ng be positive integers, 3 < n; < ny < ns. The 3-
dimensional toroidal grid T'M(n1,na,ns) is the Cartesian product of three cy-
cles: C,,0C,,0C,,. We let V(T'M(n1,n2,n3)) = {(i,4,k)|0 < i < ny1,0 <
J < n2,0 <k < ng} and E(TM(n1,na,n3)) = {(i,5,k) (@',5,K)|i = £1
(mod n1),j=7k=kVi=i,7=35+1 (mod me), k=K Vi=i,j=75k=
k' +£1 (mod n3)}. In the remainder of the section, the integers ,j and k in a
vertex (i, 7, k) are considered modulo n1, ny and ng, respectively.

By a level of TM (3,3, q) we mean a subgraph of it induced by the vertices
with the same third coordinate.

Proposition 4.1. Let p, p’ and q be positive integers such that ged(p,p’,q) = 1.
There exist three completely independent spanning trees in T M (3p, 3p’, 3q).

Proof. We define three completely independent spanning trees 77, 15 and 75 in
T M (3p,3p’, 3q) as follows: for j € {0,1,2},
(t+74,1—i+4,0Q+i+4,1—i+4,4),(i+4,1—i+j,0)(i+75,1—i+j14+9)|i €
{07 . '7pplq - 1} - (]7] + 170)(]5j + 1771)
We require ged(p,p’,q) = 1, in order that Ty, Ts, T3 contain every vertex of

14



Figure 10: The three completely independent spanning trees on the last four
levels of TM(3,3,q), for g =1 (mod 3) and g > 2.

TM (3p,3p’,3q), i.e. every edge is different for each value of 7, 0 <1 < pp'q — 1.
Figure 9 describes the pattern on three levels for these three spanning trees for
p=1andp =1.

O

Proposition 4.2. For any integer q > 3, there exists three completely indepen-
dent spanning trees in TM(3,3,q).

Proof. First, if ¢ = 0 (mod 3), then Proposition 4.1 allows us to conclude.
For ¢ =1 (mod 3) (¢ = 2 (mod 3), respectively), we define three completely
independent spanning trees by using the pattern of Proposition 4.1 for every
level except the last four (five, respectively) ones. If ¢ = 1 (mod 3), the trees
are completed on the last four levels as depicted in Figure 10 (the corresponding
edge sets are given in Appendix B.1). If ¢ = 2 (mod 3), the trees are completed
on the last five levels as depicted in Figure 11 (the corresponding edge sets are
given in Appendix B.2). O

5 Conclusion

We conclude this paper by listing a few open problems:

1. Determine conditions which ensure that there exist r completely indepen-
dent spanning trees in a graph.

2. Does any 2r-connected graph with sufficiently large girth admit r» com-
pletely independent spanning trees?
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Figure 11: The three completely independent spanning trees on the last five
levels of TM(3,3,q), for ¢ =2 (mod 3) and ¢ > 2.

Is it true that in every 4-regular graph which is 4-connected, there exist 2
completely independent spanning trees?

. Does the 6-dimensional hypercube Q¢ = C40C,0C4 admit 3 completely

independent spanning trees?
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A Edge sets of the trees from Section 3

A.1 Three completely independent spanning trees in K;[1C)

_ f,0.0 .00 ,00 ,00 ,1.1 11,2 2 2 2 3.3 3.3 3 3 3 3
E(T1) = {ugug, ugus, uguy, usuy, usty, U3y, uut, Uy, Ugls, g3, usus, Uiy,

ugUg, U3, UaU3, uzud, ugug, Uz, ugugt;
E(Ty) = {ujug, ujus, uguy, ugus, ugus, uyui, ugui, ugui, udus, uiug, uiug, uiug,
uiud, ugus, uful, ujui, ugug, uiug, uug};
B(Ts) = {ugu, ujug, ufug, ujuy, ujus, uiug, upuy, uzus, ugud, ugus, ugud, uiug,

3,3 ,3,3 .0 1 1.2 2.3 3 .4 ) 3 4
u4u0,u4u3,u2u2,u1u1,ulul,u2u2,u4u4}.

A.2 Three completely independent spanning trees in K;[1Cj

_ ¢,0,0 ,0,0,0,0,00 1,1 ,1,1 ,1,1 1,1 ,2,2 .2 2,3, 3 3 3
E(T1) = {ugus, uguy, uguy, uguy, ugusz, ugus, ugly, Usuy, Usug, Usui, Usty, Usug,

wdud, e, ubud, ubud, ubud, b, udub, udud, udud, udud, uud, udud);
E(Ty) = {ufug, ufud, ujub, ujuy, ufud, uju3, vjui, uju3, uud, ujud, ugu?, uju3,
witug, ujuy, uiug, usug, uful, uuy, ubug, uiug, ugud, uiug, uiug, uzui};
E(T3) = {ufuf, udud, uud, u§uf, ujuy, ujuy, uiul, usug, uiu3, uiug, ugus, ujuj,
wud wdud, utuld, uhud, uud, ul?, w2l udud, et it ubud, ubl )

A.3 Four completely independent spanning trees in K;[1C3

_y¢,00,.,0,0,00,.,00,11 11 1.1 1.1 1,1 1,1 62 2 2 2
EZ(I;l) N {2@40@2&1’2@4033’2“0735 ’1u01f6 guogzéuog%uo%a Uy, UgUz, Uslg, UgUy, URUs,
USUE, UFUG, UTUT, UTUZ, Ul , UsUs, UgUs, Ugug };

_ f,0,0 .00 ,0,0 ,0 0,0 0,00 .11 1.1 1,1 1,1 ,2 2 2 2
E(T3) = {ujuy, ujug, ujus, usug, usty, Ustg, Uglp, UgU3, Uglhy, Uglls, UTUG, UTU3,

2.2 2.9 22 9°9 "0°1 0.1 1,2 .0, 2].
uTu3, UTUG, UGUG, UGUS, UTUT, Unls, UGUG, UTUT };

_¢,0,0,0,0,00,00,0,0,00,1,1 .11 1,1 ,1,1 1,1 1,1
E(T3) = {u3u2,u3u4,u3u5, UglUg, UgUy, UgUg, UUp, UTU3Z, UTUL, UTUg, ULUS, Uy U5,

2,2 2.2 2°2 "2°.2 "0°1 1,2 1,2 ,0,2].
UZuF, UFUZ, USUS, USUG, UG, UTUT, UUT, USUF L

- f00,010,00,00,00,1 1 1,1 1,1 1,1 1,1 ,,2,2 ,2 2
E(Ty) = {uguy, ugug, ugug, uguy, ugts, Uz, uztig, Ugts, UsUy, Usls, UgUs, UGUE,

2,2 ,2,,2 ,2,2 ,0,,1 0,1 1,2 ,1,2 ,0,2
uouﬁ,u5u1,u5u4,u5u5,u6u6,u3u3,u5u5,u0u0}.

A.4 Four completely independent spanning trees in K;[1Cy

E(Ty) = {uguy, ugus, ugus, ugug, uguy, ugui, ugus, ujug, usis, uzug, usus, uzug, ujug,
ugug, ugui, ugud, ujug, ugug, ujud, ugug, ugui, ugug, uus, upud, udug, uius, ugui}
E(T3) = {ufu3, ufug, ufug, ugug, ugus, ugug, ujuy, ujug, ujug, ugup, ugus, ugls, ujus,
udu, ujug, uguf, ugud, uiug, uug, uiud, uius, uiuy, ujud, ugug, ugug, uduy, ugu;
E(T3) = {ujug, uguf, uug, ujug, ujuy, ujug, ujus, ujug, ujug, usug, usuy, ujug, ujus,
ufug, uiug, uiug, uiud, uiug, uiug, uiud, ugud, ugug, uuy, ugud, uiud, uiug, ugug}
E(Ty) = {u§us, ugug, ugug, uguy, ugus, uguy, ugus, ugiy, ugug, ugud, udus, ufui, ujus,

2,2 2 2 "3°3 "33 "3°3 '3°3 "3°3 "3°3 °0°1 1.2 1.2 23 0 3 0,3
UZUZ, USUG, UGUS, UgUT, UGUG, UGUT, UGUs, UGUS, UGUg, UGUG, UFUZ, UGUD, UoUg, UgUd } -

A.5 Five completely independent spanning trees in Ky[1Cy

_ 0,0 ,0,0,0,0 ,0 0,00 ,0,0,0,0,00,1.1 1,1 1,1 1,1 1,1

E(T1) = {uguy, uguy, ugus, uglg, Usu3, usus, usg, Usty, Upls, Uply, Ugle, UgUs, UgUT,
1,1 ,1,1 1.1 2.2 ,2°2 "2°2 2°2 "9"9 "9'9 "9 9 ‘9“9 ‘3°3 ‘3’3 ‘3 3 "33

U U3z, UglUs, UgUg, UpUs, Uply, Unlg, UgUT, U U, UgUs, URUS, UgU7T, UgUT, UgUs, UgUZ, UgUg,

3,3 ,0,1 ,1,2 2.3 2.3 0 3 0, 3.
UUZ, UpUp, Ul UGUS, USUS, UgUg, UsUs |5
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B(Ty) = {ufu, ugul, udud, uud, udul, ulug, udul, ufud, ubub, ulul, ubud, uhud, ubud,
wbud udud, udul, wded, whd, udd, udud, dud, udud, whd, ubud, wdud, uiu, udud, ubud,
ubul, udud, bl ubud, udud, uhud ubud}:

B(T3) = {udud, ulud, uud, uhul, udu, ulus, uud, wdul, uhul, ubul, ubud, uhub, uhud,

1,1 ,1,1 71,1 ;2.2 72°2 "2 .92 2°2 92 2 3°3 3°3 “3°3 “3°'3 “3°3 “3°3 "3°3
U3zuy, Uz, uzyg, Ugy, Ugtly, UzUs, UzlUe, UgUy, UgUz, UgU3, Ugly, Ugl7, UgUy, U7UT, U7Us,

3,3 ,01,1,2,1,2 .23 53 0 3.
UFUG, Uy, UpUs, UZUZ, UGUQ, UFls, UpUs b

~ 00,0 0,0,0,00,00,11 .11 11,11 11,1, 1,11 1,1
E(Ty) = {ugug, uguy, ugus, ugdus, ugug, Usuy, Usui, Ugts, Usly, UsUg, Urly, Ul , Uplls,

we?, udud, udud, udud, wdud, w2ud, udud, udud, whud, wiud, wdud, udul, udud, wdud, ubid,
ugud, ugus, ugug, upu?, ugug, ufui, ugud };

B(Ts) = {ufug, ufu, ufug, udug, ugus, uguf, ugus, ugus, ugui, ugus, ugus, ugug, ugus,
bl udul, udud, et ud, wdl, vdud, wdud, wied, vl il udul, udud, udul, udul,

0,1 ,1.2 1,2 2.3 23 0,3 03
UQUG, UGUG, UgUF, UTUT, USUS, U UT, UUG |

A.6 Five completely independent spanning trees in Ky[1Cy

_ 00,00 ,00 .00 0,0 ,0,0,0°0,00,11 1.1 1.1 1 1 1 1
E(Ty) = {uguy, ugug, uguy, uglg, ugly, Ugls, Ugly, Ugls, Ugly, Ugls, UgUs, Ugly, UgUs,

2.2 9.9 '2°9 "9°9 ‘o"9 "9 9 ‘o' 9 ‘99 '3°3 '3°3 ‘3.3 373 ‘3°3 ‘3.3 "3°3
U3Ug, UzUT, UgUy, UUG, USUZ, UyUs, UgUs, UyUs7, UyUp, UyUg, Uyls, Uylyz, U7UT, U7Us, U7US,

uiug, ujus, ujug, ujug, ugul, ugug, ugus, ufug, ugug, usud, uju, ujug, uiug, udug, uuz, ugugl;
BE(T») = {ufu, uuj, uguf, ugug, upug, uzuj, usuy, uzug, usuy, usuy, upug, Uz, Upl,
w2l gl udul, udud, il w2l udul, uded, wdud, udid, utud, wdud, wdud, v, v,
ugut, ugus, ugug, ugus, ugusz, uguz, ugud, ugug, ugul, udus, upuF, ugug, udud, udug, ugug, ugus };
B(T3) = {ulul, ufud, uu®, udul, udul, udul, ulud, udul, ubul, ubud, ubub, ubub, ubul,

wbub, ubul, ulul, uud, v, v, viul, udud, udud, uded, v, udud, udud, udud, udd,
uduf, udud, udug, udud, uzug, uzui, ugud, uzug, uzug, ujug, uyus, uud, udus, udug, udud, ugusl;
E(Ty) = {ufug, ufug, ufud, ufug, uuy, uus, uug, uu?, ugu, ugug, ugus, ugus, ugug,

ujul, upuy, upug, ugus, ugug, ugus, ugug, ugus, uiug, uiud, udud, uiug, udui, udul, udud,

b b, ubut bl bt wbd, bl udud bl uled, adud udud bl wud udud, ugu):
B(Ts) = {udu?, ugu, ugug, udug, ugug, ugug, ugug, uui, ugus, ugul, usug, ugug, ugus,

W23, uRul, udul, uRuZ, v, vl udul, udud, udud, vl udud, udud, whud, whud, utd,
utug, ugug, ugud, udud, uud, udud, wdud, uiu2, uiud, uiud, vdud vZud udud, udug, udus, udugl.

B Edge sets of the trees from Section 4

B.1 Three completely independent spanning trees in the
last four levels of T'M (3,3, q)
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