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GODBILLON-VEY SEQUENCE AND FRANCOISE ALGORITHM

PAVAO MARDESIC, DMITRY NOVIKOV, LAURA ORTIZ-BOBADILLA,
AND JESSIE PONTIGO-HERRERA

ABsTrRACT. We consider foliations given by deformations dF + ew of exact
forms dF in C2 in a neighborhood of a family of cycles () C F~1(¢).

In 1996 Frangoise gave an algorithm for calculating the first nonzero term
of the displacement function A along - of such deformations. This algorithm
recalls the well-known Godbillon-Vey sequences discovered in 1971 for investi-
gation integrability of a form w. In this paper, we establish the correspondence
between the two approaches and translate some results by Casale relating types
of integrability for finite Godbillon-Vey sequences to the Frangoise algorithm
settings.

1. INTRODUCTION

Let 9 C C2? be a regular curve, ¥ a transversal to vy, F a holomorphic function
defined on a tubular neighborhood U C C? of vy, formed by regular curves ~(t) C
F~Y(t), t € F(X), with 70 = v(to)-

Consider the integrable foliation dF' = 0 and its holomorphic deformation

dF +ew =0 (1.1)
in U. We are interested in the displacement function A (holonomy along v minus
identity) of (1.1). Here A(t) denotes the holonomy of (1.1) along ~(¢). It can be
developped as

A(t) =€ M(t). (1.2)
i>1
The functions M;(t) are called Melnikov functions. If A = 0, this means that
(1.1) has a first integral in a neighborhood of ~y(t). If not, then there exists a first
non-zero Melnikov function M.

1.1. Frangoise algorithm. Francoise algorithm allows to compute the first nonzero
Melnikov function M,,. Let us first recall the following classical Lemma.

Lemma 1.1. Given a holomorphic one-form w and a family of cycles v(t) C
{F~L(t)}, the following conditions are equivalent:

(i) The form w verifies
/wz& (1.3)
gl
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(ii) There exists a function r holomorphic in a neighborhood of v such that

dF A (w—dr) =0. (1.4)
(iii) There exist functions g and r holomorphic in a neighborhood of vy such that
w = gdF +dr. (1.5)

Note that the functions g and r are univalued in U but in general do not extend
to polynomial, nor even univalued functions in C2.
Recall, the classical result of Poincaré and Pontryagin:

If M; =0, then, by Lemma 1.1,
w = g1dF + drq,

and in that case, Francoise [3] proves the following theorem (see also [13], [7], [8],
(4], 151, [11], [12], [10]):

Theorem 1.2. Let (1.2) be the displacement function of (1.1). Assume that
M;(t) =0, fori = 1,....k. Then My ,(t) = (—1)k*! f,y(t) grw, where go = 1
and g;, r; verify

gi_lw:gidFerri, 1= 1,...,]{7. (16)

The existence of the decomposition (1.6), follows by induction from Lemma 1.1.

Definition 1.3. We call any pair (g;,r;), verifying (1.6) an i-th Frangoise pair
associated to the deformation (1.1) and call the sequence (g;,7;), i = 0,1,... a
Francoise sequence. We say that the length of a Frangoise sequence is ¢, if £ is the
smallest index such that gey1 = 0. If there does not exist such an indez, we say that
the sequence is of infinite length.

1.2. Godbillon-Vey sequence. On the other hand, the classical Godbillon-Vey
sequence is associated to a foliation defined by a single one form

w=0. (L.7)
It is a sequence of one-forms wg = w, w;, ¢ = 1,... such that the formal one-form
¢
Q:de—l—wo—I—ZEwi (1.8)
i=1

in C? x C verifies the formal integrability condition

QAdQ=0. (1.9)
Here d = d. + d denotes the total differential with respect to all variables z, Y, €.
Condition (1.9) is equivalent to

dwo = Wy A\ Wi,
dw1 = Wy AN w2,
n n
dw, = woAWnpt1+ Zk:l (k)wk N Wp—k41-

We say that the Godbillon-Vey sequence is of length n if the forms wy vanish for
k> n.
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Definition 1.4. Let K be a differential field, G a function and Kqg the extension
of K by G. We say that the extension Kqg is: Darboux, Liouville or Riccati,
respectively, if it belongs to a finite sequence of field extensions starting from the
field K. The extensions in each step are either algebraic or given respectively by
solutions of the equations dG = ng, dG = G +ng or dG = G?*ny + Gy + o, with
1; one-forms with coefficients in the corresponding field extensions.

In that case, we call the function G Darbouzx, Liouville or Riccati with respect to

K.

In [1], Casale relates the length n of the Godbillon-Vey sequence to the type of
first integral of the foliation given by (1.7):

Theorem 1.5.

(i) There exists a Godbillon-Vey sequence of length 1 if and only if (1.7) has
a Darboux first integral.
(ii) There exists a Godbillon-Vey sequence of length 2 if and only if (1.7) has
a Liouvillian first integral.
(iii) There exists a Godbillon-Vey sequence of length 3 if and only if (1.7) has
a Riccati first integral.

Here we develop a version of Godbillon-Vey sequences well-adapted to studying
a deformation of an integrable foliation given by (1.1). Recall that on the level
e = 0 it is integrable (with first integral F'). The Godbillon-Vey sequence gives a
condition for verifying if this integrability extends to € # 0.

We define the form

QO = Rde+ (dF + ew)G, (1.10)
with
G= Z GiGi, R = Z €iRi+1 (1.11)
1=0 =0

unknown functions and Gy = 1. The form (1.10) of Q comes from the requirement
to define the same foliation as (1.1) on each level € = const.

We give a relative version of the definition of different types of first integral for
the deformation (1.1).

Definition 1.6. We denote by Kp,, the field associated to the deformation (1.1).
That is, the smallest differential field in a tubular neighborhood U of a cycle ~yo
containing the functions given by coefficients of dF and w.

Let F, = Zf:o €'F;, £ < 0o, be a first integral of (1.1). We say that it is Darboux,
Liouville or Riccati, respectively, if all F; are in the corresponding extension of the
field Kp .

Theorem 1.7. [6] There exists a solution (G, R) of the equation
QAdQ =0, (1.12)
if and only if the deformation preserves formal integrability along v i.e. A =0.

Proof. Indeed, if there exists a solution (G, R) of (1.7), then by Frobenius theorem,
Q) defines a foliation in a neighborhood of (y(t),0) in C? transversal to ¢ = 0. It
follows from the existence of this foliation that the integrability on the level € = 0
is preserved on nearby levels. [
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We will also consider the Godbillon-Vey equation up to order k£ with Q G, R
given by (1.10) and (1.11):

QAdQ2=0 mod e (1.13)

Definition 1.8. We call any pair (G;, R;), verifying (1.13) an i-th Godbillon-Vey
pair associated to the deformation (1.1), (G;, R;), ¢ = 0,1,... is the Godbillon-Vey
sequence associated to the deformation. We say that the length of a Godbillon-Vey
sequence associated to the deformation is £, if { is the smallest index such that
Gor1 = 0. If there does not exist such an index, we say that the sequence is of
infinite length.

Remark 1.9. Note that the length is associated to any Francoise sequence or
Godbillon-Vey sequence associated to the deformation (1.1).

However, one deformation (1.1) can have Frangoise sequences (or Godbillon-
Vey sequence) of different lengths. The minimal length is well defined and one can
choose a Frangoise sequence so that all g, = 0, for k > £. The same applies for the
Godbillon-Vey sequences.

Frangoise pairs (g;,7;) and Godbillon-Vey pairs (G, R;) exist for alli =1,2,3, ...
if and only if the deformation preserves integrability along .

2. MAIN THEOREMS

In this section we state our two main results. The first establishes the relation-
ship between the Frangoise pairs and the Godbillon-Vey pairs associated to the
deformation. In particular it shows that the minimal length of Frangoise sequences
and Godbillon-Vey sequences coincide:

Theorem 2.1.

(i) The Melnikov functions M;, 1 =1,...,k, are identically equal to zero if and
only if one can solve the equation

QAdQY=0 mod "1, (2.1)

(ii) For each choice of the Frangoise sequence (g;,7;), i = 1,...,k, the Godbillon-
Vey sequence (G;, R;), i =1,...,k, can be chosen verifying the equations

Gi=(—1)g;, R;=(=1)"tir,. (2.2)

(iil) If Q wverifies (2.1) then
a) there exists a function N =1+ Zle €'n; such that

Q= NdF. mod .
Then the function F. is of the form

k
Fo=F+) (-1)Tler, (2.3)
=1
and
dF. = Rde + G (dF + ew) . (2.4)

b) Let G and R be given in (2.4) and (G, R;), i =1,... k, be its coeffi-
cients as in (1.11). Then the functions (g;,r;), i1 = 1,...,k, given by
(2.2) are Frangoise pairs.
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Our second result gives the type of local first integral F; of the deformation (1.1)
if the length of its Francgoise sequence is finite. The first result is that the first
integral is in a finite sequence of extensions of Darboux type. The second shows
that it is in a single extension of Liouvillian type.

Theorem 2.2. Let . = dF + ew as in (1.1) be such that there exists a Frangoise
sequence of finite length £.
(i) Then (1.1) admits a univalued first integral which is Darboux with respect
to the field K, of the deformation (1.1).
(ii) Then there exists a meromorphic form 7. verifying the Godbillon-Vey se-
quence of length 2:

dne = ne N 0.

df. =0,
such that there exists a (possibly multivalued) first integral F, of (1.1) ver-
ifying

dFe = [Ne,
where

df = fée

is a (possibly multivalued) function in a tubular neighborhood U of the cycle
7Yo-

In particular, the function f belongs to a Liouville extension of K, and
F, belongs to a Darboux extension of this Liouville extension.

Remark 2.3. Note that we are restricting our study to a tubular neighborhood U
of a cycle vy. A first integral F, which is Darbouz in U can be more complicated
(Liowville, Riccati,...) when studied globally.

Remark 2.4. In Theorem 2.2 (ii) we prove in particular that if the deformation
(1.1) has a finite Frangoise sequence, then it has a Liouwvillian first integral. The
converse 1S an interesting question.

Remark 2.5. In Theorem 2.2 we suppose that (1.1) has a Frangoise sequence of
finite order. What happens in the case of £ = oo ? In particular, is it possible to
give a condition assuring that a deformation (1.1) has a Liouville or a Riccati first
integral in these terms?

3. PrROOF OF THEOREM 2.1

Proof. We first prove the direct implication of the statement (i), the converse will
follow from (iii)(b). If the functions M; identically vanish for ¢ = 1,..., k, then one
can build a first integral F. of dF 4+ ew mod €**1 in the following way: extend
F to transversal ¥ to v x {0} in C* = C2 , x C. as F(x,y,¢) = F(z,y), and
extend it to a neighborhood U of v x {0} in C? by the flow. The extension F,
is a multivalued function, but different branches of F. agree mod €**! on ¥ by
assumption, and therefore everywhere in U. In other words, in the decomposition
F.=F+Y 5, €F;, F, = Fy(x,y), the functions F; are univalued for i = 1,... k.
This implies that in the decomposition

dF, = (F.). de + (dF + ew) G,
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the coefficients (F.).,G are univalued modulo terms of order > k + 1, and we take
Q = jF1(F.). de + (dF + ew) j*G, where j* denotes the k-th jet with respect to
€. Then Q verifies (2.1).

Using (1.6), the proof of (ii) follows from the computation:

k
(dF + ew) <1+Z<—1)ie”gi> dF+Z 1) gidF + (=1)""1gi1w)
=1

=dF + Z Ye~ldr; mod "1,
where go = 1. Therefore, by (2.2) and (1. 11)

k k
Q = Rde + G(dF + ew) = (Z >de+dF+Z 1)~ tdr;

i=1 i=1
) k
=d (F + Zel(—l)’_lri> mod e**?
i=1
is closed up to order €' and therefore satisfies (2.1).

We prove statement (iii)(a) and (iii)(b) simultaneously by induction. We define
weights of monomials by posing w(z) = w(y) = w(dr) = w(dy) = 0 and w(e) =
w(de) = 1, so d and d preserve weights. We will denote by oy any collection of
terms of weight > k. In these notations, (2.1) is equivalent to

Q/\dﬂ = Ok+1- (31)

Let N; =1+ Zzzl €'n;. We construct the function N = N, by induction.

Consider first £ = 0. A simple computation shows that

QAdQ = dF Ade A (w—dRy) + o1,
so, simplifying by Ade, (3.1) for k = 0 is equivalent to

dF N (w—dRyp) =0.
By Lemma 1.1, this equation can be solved if and only if fv w =0, i.e. if and only
if the first Frangoise condition M; = 0 is satisfied. Therefore, the existence of Q2
satisfying (2.1) for k = 0 is equivalent to the first Francoise condition, and we can
choose 71 in (1.6) to be equal to Ry,
w =dry + g1dF.

Hence,

Q=ride+ (dF + ew)(1 +€81) + 01 (3.2)
for some function ;. Therefore,

Q=[ride+ (dF + ew)(1 —eg1)] (1 +€(B1 + 1)) + 01 = N1JF671 + o1,

where Ny =1+ ¢€(81 +¢1) and Fe 1 = F + ero.

Now, let k > 0 and assume (3.1). In particular, it means that Q A dQ2 = o;. By
induction, we have

Q= Nk,chFe,k,l 4+ 0p_1, where Fe’kfl =F+4erg—...+ (—1)k_26k_17"k,1.

Define R
O =N"Q=dF 1+ 0+ oy,
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where 6 is homogeneous of weight k. We have © A dO = QA dQ = op.
But dO© = df, has weight k. Therefore

O AdO = dF A dby + op.

Note that © has form (1.10), with G;, R; as in (2.2) for ¢ < k — 1. Separating terms
of weight k, we get

0, = "' Ryde + €*GrdF + (—1)k_1ekgk,1w.
Therefore

0=dF Adfy, = " dF Ande A ((—1)* kgp_1w — dRy,) . (3.3)
As © is a solution of (2.1), this equation is solvable, which, by Lemma 1.1, means
that f,y gk—1w = 0, i.e. that the k-th Melnikov function vanishes identically. More-

over, (3.3) implies
kgr-1w = (=1)""'dRy + kgi.dF,
i.e. Frangoise decomposition (1.6) of gi_iw with k-th Francoise pair (gg,rx), such
that Ry = (—1)k71]€7‘k.
Therefore

O=(ro+...+ " =1 Tkry) de
+(@dF +ew) (L+...+ (1) e g1+ €"Gy) + o =
= (14 (G + (-1)"1gi)) dF. 1, + ok,
where F. = F +erg — ... + (=1)*"1eFry, and
Q= NydF.p + ok, Np=Np_1 (145G + (-1 1gp)),

as required. 0

4. PROOF OF THEOREM 2.2

Proof. Proof of (i): Let (g;,7:), 1 =0,1,2,... be a Francoise sequence and assume
that g; =0, for i > ¢+ 1 (see Remark 1.9). Let

¢ ¢
Ne=dF +ew, G= Z(fl)ieigi, F.=F+ Z(—l)”leiri. (4.1)

=0 i=1
It follows from the definition of Francoise pairs (1.6) that
Gne = dFe. (4.2)

Differentiating (1.6) and dividing by dF (that is, applying the Gelfand-Leray de-
rivative), one obtains

d__dgi,l/\w ' dw '
gi = dF gi—1 dF =:MNi-1-
By induction, from the Definition 1.4, g; is Darboux, for i =0, ..., £. It now follows

from (1.6) that r;, i = 1,...,¢, is Darboux as well and by Definition 1.6, the first
integral F, is Darboux with respect to the field Kg,,.
Proof of (ii): Let 7., G and F, be as in (4.1). Now from (4.2) it follows that
_dG™! dG—1!

1 o .
dne*F/\G dF. =0.Ane, forb. = o1
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Hence, df. = 0. The two equations together give a Godbillon-Vey sequence of
length 2 in a Liouville extension of the space of forms with coeffients in Kr,, in
(z,y) € U and holomorphic with respect to the parameter e.

Now Singer’s theorem [9] (see also [2]) gives that there exists a form 6. with
coeffcients in Kp,, (holomorphic with respect to €) verifying the same Godbillon-
Vey equations:

dne =N N\ 067
df. = 0.

That is 6, is closed. Hence, there exists a (possibly multivalued) function f defined
in U such that

One verifies that the form fée is closed. This means that there exists a (possibly
multivalued) function F, verifying

dﬁ‘e:fne

5. CLASSICAL GODBILLON-VEY SEQUENCES AND EXAMPLES

Let Q be the form given by (1.10). We apply the classical Godbillon-Vey condi-
tion (1.9) to the form

E:d€+n0+€n1+...+ﬁ’fh’+...

Comparing to the closed form (1.10), we conclude that the forms 7y, ... defined
by

€ dF,  dF 4+ Y72, e(—=1)"tdr;
Ne = Z _ Z =1 ( ) (51)

W T A E T (—1) ey

=

from a Godbillon-Vey sequence of %:
no = Ry'dF, m = R7'(2R2dF + dRy), ...,

and the forms
i = 2Ry H(RodF + dRy), ..., 7 = Ry 'y,

form a Godbillon-Vey sequence of dF'. This sequence could be infinite.

In classical setting one starts from a given foliation w = 0 for e = 0, and looks for
a simplest perturbation w, = 0 such that the form de+w, is integrable. Results of [2]
say that if the foliation w = 0 is Darboux integrable, Liouville integrable or Riccati
integrable, then one can find perturbations such that w, either does not depend on
€ or is polynomial in € of degree 1 or 2, respectively, i.e. that the Godbillon-Vey
sequence has finite length.

In this paper, given a perturbation (1.1), and we construct a one-form  such
that its restriction to the planes {e€ = const} defines the same foliation as the initial
one. In other words, unlike the classical settings, here the perturbation of the
foliation is almost uniquely prescribed, the only freedom being the coefficients G, R
in (1.10). Thus the length of the corresponding Godbillon-Vey sequence can be
infinite even if w, is Liouville integrable for all €.
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Example 5.1. Let F = 22 +y? and w = y%dx. For symmetry reasons, the pertur-
bation (1.1) is integrable. Computation shows that

R ) S GV ( 2_ 2 :c"y2>. (5.2)

n! n! n+2

Then a first integral is given by
_ n 1 n ex 2 € —2)
2——2
=% + % + g =e (y + c € )

dF. =e(ey? + 2x)dx + 2e“ydy,

and therefore the Godbillon-Vey forms w; are Taylor coefficients in € of

9 —1 00 ;
((%F€> dF. = dF + ; €w;. (5.3)
One can see that this series is not polynomial in €, though the first integral F, is of
Liouville type. Some authors call this type of functions generalized Darboux.

Example 5.2. For a trivially integrable perturbation w = gdF', the Francoise pairs
are given by g =g*,i=1,..., andr =1, r; =0 fori=2,.... Therefore the first
integral is

F.=F +e¢, R=1 = Z Die'g' = (1 —eg)™ !,

and
Q =de+ (dF + egdF)(1 —eg) "' = dF..

Example 5.3. For a Darbouz integrable perturbation (1.1) with w = F% we have

i logri
9 = (-1) {logr)® . ) , ri=—Fg;,

7!
50

F€:F+i(7 i—1 Z’l” 7F+FZ IOgT — Feclogr — ppe

Then

~ dF d
dF. = Fr€logrde + (rEdF + eFrEfldr) = Frelogr |de + +€ ! .
Flogr rlogr

Therefore the forms
dr

w1 = 5 wi:(), Z:2,
rlogr

form a Godbillon-Vey sequence for #Fgr, and hence

- dr dFF dr  _ )
Wy = + =+ @=0 i=2..
rlogr F r

form a Godbillon-Vey sequence for dF, so this Godbillon-Vey sequence for dF + ew
has length 1.

Acknowledgements. We would like to thank Sergei Voronin for fruitful discus-
sions.
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